ADDITIONAL PROOFS FOR:
“Large Sample Properties of Matching Estimators for Average Treatment Effects”
by Alberto Abadie & Guido Imbens

REMINDER OF PROOF OF LEMMA 1: To get the result for E[U,, U, |, notice that
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Boundedness of X implies that B,, converges uniformly. Transforming to polar coordinates again leads to
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That is, a(r) = G(r)p(r), G(r) = r**1&(r), and, as before, p(r) = (g(r))™ !, where
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Therefore, the conditions of Lemma A.1 hold for a = mk+2, 8=k
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Applying Lemma A.1, we get
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Using the same techniques as for the first two moments,
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and C,,, converges uniformly. Let a(r) = q(r)p(r), q(r) = r*+2&(r), and p(r) = (g(r))™ !, where
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Therefore, the conditions of Lemma A.1 hold for a = mk+ 3, 8=k
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Applying Lemma A.1, we get
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we have that
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PROOF OF THEOREM 5: First, assume without loss of generality that the support of X is [0,1]. (If the
support of X is [z,Z], we can always work with the transform (X — z)/(Z — x) and obtain the same
estimator. The results will not change because they are functions of ratios of densities, so the Jacobians
of the transformation cancel.)
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where v = x; — x1, v = 21 — x;. Notice that
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It is easy to see that lim,—oa(u)/u™ " = fi(z;)(2fo(z;))™ !, and lim,—ob(u)/u = 2fo(z;). Applying
Lemma A.1 we obtain:
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Similarly,
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Now, let us calculate the joint probability of two matches:
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Now, let us calculate le’2 for 9 < x1. Three cases:
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It is easy to see that
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As aresult, Lemma A.1 holds with = m+1, 8 =1, ap = (f1(z;))*(2fo(z;))™*, and by = 2fo(z;):
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. [z < x; < xq]: Notice that
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Let u; = 1 — z;, ug = x; — x2. Notice that for 0 < zo < z; <y < 1, sup||(u1,u2)| = 1. Also, let
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It can be easily seen that for w; > 0 and we > 0
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In addition, it can be shown that last integral is bounded by a constant. To see that, notice that
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It is easy to see that min{(l — z;)/wi,zj/we} < (w1 +we)™t. (If zj/ws < (1 — z;)/wi, then
Wy — waj > wixj SO0 wy > (w1 + ws)xj. An analogous argument applies for the case x;/wy >
(1-2;)/wi.) In addition, because the support of X has length one, it has to be the case that f < 1.



Therefore, the upper limit of the integral is smaller than one. We obtain
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<
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1
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The integral in the right hand side is a Beta function with parameters mi +msy and Ng—mq —mao—+2,
which is equal to [(m1 + ma — 1){(Ng — m1 — ma + 1)!]/[(No + 1)!]. Therefore,
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which is integrable over (wy,ws) € S5 1, because

)
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(see, e.g., Gradshteyn and Ryzhik, 2000, eq. 3.667 7).

Then, applying Lebesgue’s Dominated Convergence Theorem, and using again the result in last
equation we obtain:

B fz)\? 1 1
Fo = M7 <2f0(x]j)> Ng o (Ng) '

3. [z; < g < xq]: This case is analogous to the case with [z; < z1 < z;] and contributes the same
amount to the integral:

. M(]\g+ 1) <2J}O(gj>)>2 Jég +o (%) :

Hence,

Pr (] € JIVI(1)7j S j]V[(2)|X] = .Tj,Wl = W2 = ].,Wj = 0, L?VW = Nl)

s - MR (R ().
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As a result the first two moments of K (i) are given by:

filz)) N Ny

EKiWi:O,XiZ.’L‘i,LIW:N =M - —o(1).
[5G WW = Ni] = M SR+ Sholl)

PV, ~ 0, =ty w = ) = a2
i M(2M +1) (f1(£vi)>2N1(N1—1)
2 fo(ws) NG
Ny

Let p = Pr(W; =1).

E (1+I%®>203Vi(xi)1 = E

We focus on the first term. The second term can be calculated analogously. First, notice that N;/Ng —
p/(1 — p) almost surely. From the proof of Lemma 3, we obtain:

q n
N
E[Ki(0)|W; =0,X; =2,/yW]<C» S(g,n)- (Nl) )
n=1 0
for some C' > 0 and all ¢ > 1. Using Chernoff’s Inequality, it is easy to show that all positive moments
of (N1/Np) exist, conditional of X; = # and W; = 0 and are bounded uniformly in N. Markov’s Inequal-
ity implies that (IN1/Np)™ is asymptotically uniformly integrable, which, in turn, implies convergence of
moments:

BlKm @)W = 0,X; = o] = y2& 2oy

fo(r)1—p
N2 ] = filz) p
E[Kn(0)?|W; = 0,X; = x] My ST
M@2M+1) [ fi(z)\> p?
T (fom) a—pe T
Therefore,
. 2 . .
E <1+Kfjl)> Wi:07Xi:x1:EK1+2KA]\44(@)+K;1V41§’)>’Wi:07Xi=x]
_aoh@) p 1 f@) p o 2M Al (AN P
ST M@ i-p | 2 (fo<x>) a—pe ToW

z) 21 =p)? folz)?
Because e(z) = pfi(z)/(pfi(x) + (1 —p)fo(z)), and thus (1 —e(z))/e(z) = (1 — p)fo(x)/(pf1(z)), this can

be written as

(1—|—K]\]\4/[(i)>2|Wi:O,Xi:x]:(1_2(@)24—]\1/[( elw) ,1_ela) )+0(1).

:<1+pf1<w>>2+1( P flgwu P’ f1<w>2)+0<1).
)

E
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Because the bound on the conditional moments of K (i), and because the moments of (N7/Ny)™ condi-
tional on X; = x and W; = 0 do not depend on z, and are bounded uniformly in IV, we obtain:

(1 + Kﬂﬁi)f oy (X;)

_ 1 i e(Xi) l e(Xi)? o2( X
EKG—dX»?*M(qu»+2a—d&W>>0“”

After some algebra it can be shown that:
L eX) 1 e(Xy)? o2(X,
EKO—%&W*¢4@—4X»*2O—4&W))0“”

_E L"(%S&)J + ﬁnz [(161()() . e(XZ-))> o%(Xi)} .

The analogous result holds conditioning on W; = 1, so the result follows. d

E

mzq

wi=o| -

Although it is not necessary for the proof of Theorem 5, it can be seen that V¥ converges to its expectation.
Before proving that result we give a couple of preliminary lemmas. As before, without loss of generality
assume that the support of X is [0,1]. Define

/ fo(x)dx if W, =1,
A (3)

fi(x)dx it W; =0,
AN[(i)

P=

Let Xg,;, for i = 1,..., Ny be the covariates for the Ny control observations, with Py; and Ko (i) the
corresponding versions of P; and Kj(i). Also define X ;) to be the order statistics so that Xo ;) <
Xo,(i+1), and let Ap/(7) be the corresponding catchment areas:

An((1) = ((Xo,) + Xo,(i—a1)) /2, (Xo,) + Xo,(i+11))/2) for M <i< Nog— M,

and Py ;) the corresponding probabilities (that is, based on the ordering of the covariates, not based on
the ordering of the probabilities themselves):

(Xo, i) +Xo,(i+r1))/2
Po. (i :/ fi(x)dx :/ f1(z)dz.
) (

An ((3 Xo,(i)y+Xo,(i—r))/2
Define
~ f1(Xo, )
Py iy = - (Fo(Xo — Fo(Xo (im 2.
00 = 7 Xo.0) (Fo(Xo,(i+-a0) — Fo(Xo,i-n1)))/
LEMMA A.6: For all 6 > 0, and all firted K
(i)

max(Xo, k) — Xo,)) = 0p(Ng '),
(1)

max [Py ; — Po.i| = 0p(Ng **).
and (i)

max Fo,; = 0p(Ng '),
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PROOF OF LEMMA A.6:
First, consider part (i). Because Fo(Xo, i+ar) — Fo(Xo,5)) = fo(x) - (Xo,(i+x) — Xo,zi)) for some z €
[XO,(i)7X0,(i+K)L it follows that

miaX|X0,(i+K) Xo,iy| < Sup -5 - max | Fo(Xo,i+1)) — Fo(Xo,2))]

fo( )

With the support of X compact and the density bounded away from zero the first factor is bounded. By
the fact that the distribution function of a continuous random variable has a uniform distribution, and by
the fact that the order statistics of uniform random variables can be written as ratios of sums of iid unit
exponentials the second factor has the same distribution as

z+K No
max E €
i=1,....No— K / m
m= =0

.....

fori.i.d. unit exponential €,,. Hence it will be sufficient to show that max;—1,. n,—K anzl €itm/ Z;‘V:Oo € =
0p(Ny *9). To show this we first show that

K K
max me/ > Zwm/ (No + 1)| = 0, (N5 1+9), (A.16)
m=1 m=1

and second that

K
max > €ipm/(No+1) = 0,(Ng ). (A.17)

m=1

To show that (A.16) holds, consider

K No K
1 1
1-5 -
NO .m?anZ_Ei+m/Zej 261+m/(N0+1) :N& ~miaX7nZ_16i+m.’]VOH—zjej

Ny % M -maxe;. (A.18)
7

1+1/No > ;€/No

The second factor in (A.18), Ny - M - max; €; is 0,(1) because all moments of €, exists because it is unit
exponential. The first factor in (A.18) converges to zero, so (A.18) is 0,(1) and (A.16) holds.
To show that (A.17) holds, consider

Pr (Ng g maxZGHm/No—i—l >C>
K
SPF<N06~m?XZEi+m>C>

m=1

<§Pr<N‘5~§e- >C>
= 0 +m
1=1

m=1

M
gNO.Pr<ZemZCN5>.

m=1

13



Pick k£ > 1/6. Then the right hand side is equal to

M
D em

m=1

k

Ny - Pr > CFNFI

By Chebyshev’s inequality this can be bounded from above by

e[| e | ’“
m=1€ M
No - g > em| | CTENGTRC
0 CFNE? = m 0 )
m=1

k
which converges to zero because E UZ%:l Gm‘ } is finite given that the ¢; are iid unit exponential. This

finishes part (¢) of the Lemma.
Next, consider part (ii). Because

max |Py; — Poi| = max |150,(i) - Po,iyl,
it is sufficient to show that

max |150,(z‘) - Po,iyl = 0p(Ny 219).
By the triangle inequality

N2 max |150,(i) — Pyl

0 s (Xo,)+Xo,(i+1))/2
< N°7% - max / fi(@)dz — f1(Xo,)) - (Xo,i+-0) — Xo,(i—11)) /2 (A.19)
v (Xo,()+Xo,(i—r))/2
_ J1(Xo,1))
+N? ‘5-miaX J1(Xo,6iy) - (Xo,(i+a0) — Xo,(i—r1)) /2 — WOE;) - (Fo(Xo,(i+-m) — Fo(Xo,i—r)))/2] -

(A.20)

Consider the first term, (A.19):

fi(@)dr — f1(Xo, @) - (Xo,i4ar) — Xo,(i—n1))/2

/(XO,(i)+XO,(i+JVI))/2
(

Xo, (i) +Xo,(i—n))/2

<N max |(Xo(i-421) = Xo,i-a0))/2| Fmax elx Sub ] |f1(z) = f1(Xo,m)]
x 0,(i—M)><%0,(i+M)

< - N2 - max | Xo,i+01) — Xo,(i—an) | - max | Xo,i-00) — Xo,(i—an)| - sup | f1(2)]

N~ N~

- 2
. N0 -m?x|Xo,(i+M) — Xo,i—any| - sup |fi(z)].

The last factor is bounded. Because for all & > 0 we have N1=9 - max; ’(XO’(HM) — Xo,(z;M))’ = 0,(1),
it follows that for § > §'/2

_ 2 ’_ _ s/ 2
N> miaX\(Xo,(HM) - Xo,(z'—M))‘ = N?0. (Nl ’ 'ml.aX’(XO’(iJrM) - XO,(FM))D = 0p(1).

14



Hence (A.19) is 0,(1).
To show that the second term, (A.20), is 0,(1) it is sufficient to show that

NZ°. max
7

1
(Xo,(i+ary — Xo,(i—n1)) — m - (Fo(Xo,(i+m) — FO(XO,(i—M)))‘ = 0p(1),

because fi(z) is bounded. By a mean value theorem it follows that (Xo 1ar — Xo,i—an) - fo(z) =
(FO(XO,(i-i-M) — FO(XO,(i—M))) for some x € [XO,(i—]\/f)a XO,(i+M)]' SO7 for this value of xZ,

NZO. max (Xo,(i+m) — Xo,(i—n)) —

- (Fo(Xo,(i+a) — FO(XO,(i—JVI)))‘

(XO (z))

= N2*5~mlax (Xo,(i+11) — Xo,(i—1)) (1 >’

i ) + f3(®) - (= = Xo 1)
= N?7% . max (X, Xo,(i- <1 |

; (Xo,(i+a1) — Xo (i) Jo(Xo,i)
< N1-6/2. Xo.i20) — Xo.i NP (@ = Xo ) - 0L
< m?X’( 0,(i+) — Xo,ii—an)| - Ny (@ = Xo.w) fo(Xo,))
,(i
1-6/2 fo(a')

< N2 max | (Xo gian) = Xo,a-an)| - No 7 [(2 = Xo,w)] - sup

/ // fo( )

Because z € [Xo ;- ), Xo,(i+an)] and (Xo iar) — Xo,(i—m)) = op(Nol_é/Q), it follows that N'=%/2 . max;
|(Xo, (i) — Xo,i—nr))| and N1 o/2. |(x — Xo,(;))| are 0,(1). Because the last factor is bounded the
product is 0,(1) and thus (A. 20) is 0p(1). This ﬁnlshed part (i) of the Lemma.

Finally, consider part (iii) of the Lemma. By part (ii) of the Lemma it is sufficient to show that ]50,@ =

0p(Ng7%). Because fo(z) and fi(x) are bounded and bounded away from zero it is sufficient to show that
max; (Fo(Xo,(i+a1)) — Fo(Xo,i—nr)) = 0p(Ng ~ %). This follows by the same argument as in part (i) of the
Lemma. O

LEMMA A.7: Suppose that g(-) is continuously differentiable on the interval [0,1]. If €q,...,en are iid
unit-exponential, then for fited M, as N — oo, (i)

N M M N 1
€ el - €itj al M- (z)dz. (A.21)
o(So/5e) (2 e) = L

j=—M+1
and (ii)
1 M M@EM+1) [
i zq/zez 193 eiﬂ/zez 2 MEVED [y (A2
=M =0 j=—M+1 0

PrOOF: We show that for arbitrary fixed integers K7, Ks, and K5 < min(K7, Ks) we have

N— K2
EJ/Z €| - <€Z+K3/Z el> = g(z)dz. (A.23)
1=0 1=0

ZKl

Applying to each of the 2 - M terms in (A.21) then gives the desired result. We prove that (A.23) holds
for K1 = Ky = K3 = 0. The difference with terms with other values of K, Ky, and K3 is of order o,(1).
By the triangle inequality we have

ﬁ;g ]Zi;)ej/éel ( /Zq)— g(x)da

15



N i

<> Zej/lNOq <€

7=0

DX ILEIR (owt
/Z€l> ig (N+1) 5

N
—|—Zg /(N +1)) (

1 N 1 N
+ mgg“/m“” € — M;g(i/(N+1))‘

N

i Nilizzlg@/(ml))— | stz

We will show for each of the terms (A.24)-(A.27) that they are of order op(1).
First note that

i

1 1
72 i — —— | = 0,(1).
i:r{laXN N+1j 061 N +1 o (1)

This follows because

1 7 1
1: —_— = ; T 1 .
z:r{laXN N+1 j:06 N+1 z‘:nﬂa.?fN N+1 +1 Z;)(E )

)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

The expectation of ¢; — 1 is zero, with second moment equal to pe and fourth moment finite. Then define

Zi = ﬁ Z;’:O(ei -
0<a<l1/4,

N
P Z; > -N~
r(mzax > Co Z

(Z; > Cy - N°)

=

N
S Pr(zi = 03 Nv) < SOE[ZA)/(Ch - N

=1 i=1

N
> Cy-(i?/N*Y) - NP /Cf < Cy - N34 /0 — 0.

A N i
max ei/z a—Y €/(N+1)]=o0,(1).
0

i=1,..,N

This follows from

i N i
1 1
max ei/Zel— €j/(N+1) <max - -
e NS NS % N 1 =0 = pa/(N+1)
N
1 1
= 72 — 1 = Op(l)
N1 S /(N + 1) ‘

1). The fourth moment of Z; is bounded by Cj -i?/N* for some finite C;. Then, for

(A.29)



Combined these two results imply that

i=1,...,

max Zez/z e —i/(N+1)| =o0p,(1). (A.30)

Now consider (A.24).

(55 (/) B (/)

=0

< max g¢’(z) - max ZEJ/ZQ —i/(N+1)|-
i =

= mg?xg/(x) - max 263/265 —i/(N+1)| =0,(1).
3=0

Next, consider (A.25).

N e
; g(i/(N+1)) (/Zq>— YN+ D)

1 XL 1
SiNH;Ig(l/(NH)) € - ST

Next, consider (A.26). Because Ele;] = 1, it follows that the expectation of this term is zero. Its variance
is Zf;l g(i/N)?/(N + 1)® < max,e(o,1] 9(2)?/(N + 1) which converges to zero, implying that this term is
op(1).

Finally, consider (A.27). By continuity of g(-), this non-stochastic term converges to zero. This finishes
the proof for part (4)

The same argument shows that

— 1] = 0p(1).

1 NM ZGJ/ZOQ : zzw: eiﬂ/zez i-Niwg(i/N)' i €i+j/N 2&0

j=—M+1 i=M j=—M+1

The expected value for (Z;‘if M1 €itj) 18 4M? 4+ 2M. Using the existence of fourth moments one can
then show that

N—-M N—-M

1 - 1
1.Zg(i/N). eW/N -1 Z (i/N) - (4M* +2M) /N”
i=M —M+1 =M
which in turn implies the second part of the Lemma. [I.
LEMMA A.8:
1 & 1 &
N > (1 =Wi) - 05(Xi) - Kar(i)* — A > (1 =Wi)-03(Xi)- (N} - P24+ Ny - Py (1= Py)) 5 0.
=1 =1

17



PrROOF OF LEMMA A.8: We will show that

N

Y= W) 0B (X - (Karli)? — NP PP =Ny P (1= )
i=1

1
leao Xo,0) - (Ko (i)® —Nf-P&i—N1~P0’i~(1—P0,i))‘LO.
i=1

We first prove this for the single match case with M = 1. With M = 1, conditional on Ny, Ny, and
X, = (W1 Xq,...,WnXn) the Ny-vector Ko 1 with ith element Ky 1(¢) has a multinomial distribution
with parameters Py 1, ..., Py n,—1 and N;. The moment generating function of the first Ny —1 components
of the vector K is

No—1 No—1 Ny
M(tl,.. tNo 1 [exp(Z Kl >] (Z P()Z eXp +PON0> .

We need the following moments:

p1=E [Ko,l(i)‘x1] = N1 Pog,

po; =E [Ko,l(i)Q‘Xl} =Ni. P(ii + NP (1—Poy),
pai=E [Ko,l(i)‘l‘Xl} =Ny Py +7-Ny - (N —1)- P2,

+4-Ny- (N1 —1)-(Ny —2)- Py + N1 - (N1 — 1) - (N1 — 2) - (N7 = 3) - Py,
t22i;=E [Ko,l(i)z : K0,1(j)2‘X1} =Ni-(N1—1)-Poi- Py

+Ny - (N1 —1) - (Ny = 2)- Py - P j 4+ Ny - (N1 —1) - (N1 —2)- Py, - Po,

+Ny - (N = 1)+ (N1 = 2) - (N1 = 3) - PR+ P,

where the last expectation is for i # j.
Then

2
( ZUOXOZ KOl()N12~P§71+N10P07i.(1Poﬂ-)))

No Np

=Nz ZZE o5 (Xo,1) - 05 (Xo,5) - (Ko,1(i)? = p2) - (Ko (5)* = )]

=1 j=1

ZUO Xo,i) -+ Hai +ZZUO Xo,i) - 00(Xo,5) - (H2,2,i,5 — pa,i - 12,5)
i=1 j#i

= QZUOX(” (Poi+7- (N1 —1)- Pg,
+4-(Np=1)- (N =2)- By, + (N = 1) - (N1 = 2) - (N1 = 3) - Fy)

1
+= Y ) 05(X04) - 03(Xo) - (—Posi - Poj+ (—4N1 +2) - Py - Py

18



+(—4N; +2) - Pg,i Py
+((N1—1)- (N1 —2)- (N1 —3) = N{ —2N{ + Ny) - P}, - FS;) .

Using the fact that for all § > 0, max; Py; = op(N*”‘s), all sums in this expression can be shown to be
converging to zero in probability. For example, choosing § < 1/2

Ny
> o3(Xoq) - (N1 —=1) - (Ny —2)- (N1 = 3) - Py,

=1

1
N?

1

. I
Now consider the case with general M. The marginal distribution of Kp (i) remains binomial with
parameters IN; and P ;, and so the moments p 4, p2,4, and g, are as before. The difference is in the
moment /125, ;. There are two possibilities. First, Aa(¢) N Ap(j) = 0. In that case p2,,; is as before.
Second, Apr(7) N A (j) # 0. In that case |pg2, ;| < max(pa, pa,;). First we shall show that that out of
the No - (No — 1) pairs (4,7) the number of pairs with Aps (i) N Apr(j) # 0 is less than 2 - Ny - (M — 1).
Consider the catchment area for unit (i), An((i)) = ((Xo,@) + Xo,—a))/2, (Xo,¢) + Xo,(i+a1))/2). This
overlaps only with the catchment areas for units (i — M +1) to (i+M —1), a total of 2(M — 1) units. Hence
the total number of pairs (z,j) with overlap in the catchment areas is less than or equal to No2(M — 1).
For the units with overlapping catchment areas the correlation between Ko a(¢) and Ko as(j) is higher

than for units with non-overlapping catchment areas. Hence we can bound the second cross moment for
such units from above by ,/fi4 ;14 ;. Hence the difference with the expression for M =1 is bounded by

= Op(N2_4+46) = op(1).

< sup o () No - N} -max Py ;
xT (2

1

N7 No-2(M -1) I0AX fla, -

This converges to zero using the expression for 4 ; given above. O

LEMMA A.9:
L fi(X)
il 1—W)-02(X)-(N2-P22N,-P.-(1—-P)N 2 M- -E|c2(Xx)2 =
Nl ;( Wl) UO( z) ( 1 [ + 1 3 ( z))_) 00( )fO(X) w 0
M(2M +1) ) (fl(X)>2
+——E|0o5(X)- W =0]|.
2 [ o(X) fo(X)
PrROOF OF LEMMA A.9: To prove this result we show first that
L f1(X)
—N"1-w;))-N-P-(1-P) B M-E|o2(X) L = A.31
(W) N0 P (1 P) 5 A [0 =, (A.31)
and second that
N 2
1 Ry 7 2 p2 P P 2 fi1(X) _
N ;(1 Wi) - Ni - PP 50 M- (2M +1) E[JO(X) 69 W=0|. (A.32)
the combination of which gives the desired result.
For (A.31) consider:
1 No
le[(l ORI ORI Pf} = - 03(Xo.) - P
i=1 i=1
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This can be bounded in absolute value by No-sup,, 04 (z)-max; Py ;. By Lemma A.6 max; Py; = 0,(N~112)
for any ¢ > 0, so max; Py, = 0p(Ny 272%), and Ny - sup, (o3 (z) - max; P3, = 0p(Ny 12%) for all § > 0.
Choose § < 1/2, so that Ny - sup, o4 (z) - max; P5; = 0,(1) and thus Y, 05(Xo,) - P§; = 0p(1). Hence in
order to show that (A.31) holds it remains to show that

’W = 0} : (A.33)

N
2 » 2 f1(X)
;(1 ~Wi)-02(X;)-Ny- P, & M -E [O’O(X) - f;(X)

We can write

N No

1

A E (1—W;)-03(X;) N1+ P = E 05(Xo,i) - Po
=1 i=1

No No
= ZUS(XO,U)) “Po,iy = ZU(%(XO,(U) Py iy + 0p(1),

i=1 =1

J1(Xo,))
- Z"O Xo.w) - Ty 0O (Fy(Xo i) — Fo(Xo i) + 0p(1).
Jo(Xo,))
where the second to last equality follows from Lemma A.6(¢). With X; iid with cdf Fy(z), the vector
(Fo(X(1)), .-+, Fo(X(ny))))" has the same distribution as the vector (e;/ Z;V:”l €jye -1 ENy/ ngl €;), with
the €; iid unit exponential. Hence to show (A.33) it suffices to show, for iid unit exponential €;, that

Ny Fy ' (Cmoei/ it )
E ol(Fy E € E € ' : E €itj E :6
2 02 Gl 2 <Fal<z;:oej/zﬁ)oez>> &, e

:0}

By Lemma A.7, for g(-) continuously differentiable on [0, 1] and iid unit-exponential ¢; we have
1 No 1 NO M N() 1
5'29 Zej/zel > €z'+j/Z€l &M'/O 9(z)dz
i=1  \j=0 1=0 j=—M 1=0
With g(z) = of (Fy ' (2)) - fu(Fy ' (2))/ fo(F ' (2)), this equals
—1
M - / z)dz = M - / o2 (Fyt(2)) - fl(F01<Z;;dz

L M-E [ag(X) : ﬁg)

Jo(Fy (2
_ fri0. S0
M/ ()= M| ) W =],
Thus (A.33) holds, and therefore (A.31).
For (A.32) we have:
| X No No )
FZ Xi)- NP -P}=Ni-Y 03(Xoa) Py =Ni- Y 05(Xos) - Poi+op(1)
i=1 i=1 i=1
X, A S/ D))\ (S i)
— N, . 2( ]/ < 0 _ZOJ 0 . m M+1 +p(1)
' ;UO Jzoe Zfl (F(;I(ijo ej/Ziioo €)) 2- Ej 0€ ’
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No M .. 2
:Nl‘zg (Fo Zea/zel ) ' (Wn) + 0p(1),

§=0 2 Z] 0€i

with g(z) = 03(2) f1(2)?/fo(2)?. Then using part (ii) of Lemma A.7 shows that (A.32) holds. O
Proof of Theorem 5:

Conditional on X and W the variance of the simple matching estimator with M matches is

N . 2
E=}v;<1+%<“) o)
N N . N . 2
5 =W E(x)+2 %Z(l—Wn-KﬁO )+ So-w)- (42 ey
121 i=1 i=1

N
+]1[1Z_;Wi-of( )+ 2- —ZW

First we shall show that this converges to

Ex _ _ . 0_2 — . _ . 0-2 L()() —
VE = (- ) W =0+ 2+ (1) B o) 22Dy

ag(X).fl(X)_’_ Q(X)_2M+1 (fl(X)>2

BT Ry T oM\ fo(X)

1-p

W]
+p-EBloi (X)W =1]+2-p-E [af(X) : W‘W: 1]

A HE) | o 241 (HE)) 1op
M A T o (fl(X)> )

We will look at convergence of one of the terms in V¥ to the corresponding term in VF*. Specifically, we
will show that

% g(l - W) - (K]J\\Z(i))Q 5 (X3)

+(1-p)-E

W_ll.

L A 2M+1 ([N p
2o Elo2(Xx) —. 2(X) - . . =0]. A34
PR N ) T T ) ) (459
The others follow by the same argument.
By Lemma A.8
N
N =W E (X)) (Kag(i)? = NP P2 =Ny P (1= B)) Lo,
Ny & 1
By Lemma A.9
LXN:O_W,). 2(X,)- (N?. P2+ N,-P,-(1-P)) > M-E 2()()% W=
Nl | i) 0g % 1 [ 1 7 [ o) (1_ )fo( ) =

M@2M+1) p
2 1—p’
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so that

Ly 2(x,) (N2 - P2 N e
W;(I_Wi)'UO(Xi)'(N1 “P?4+N{-P;-(1-P)) 5 M-]E[U()(X)(l—p)-fo(X)’WZO}
2M +1 P
oM 1-p

The final step consists of showing that V* is equal to
[ g (i) o]
o2 3] 2]y o) eo]

This follows from simple algebra. For example, collecting the terms with o2(X) and no factor (1/M) in
VB

VBl _ (1—)-F | o2 20 (OO
(1-p)-Elog (X)W =0] +2- (1 -p) E[ 0(X) (l—p)~fo(X)‘W 0]
oo (J9Y 2w

p- fi(X) i p? - f1(X)?
(1=p)- fo(X)  (1-=p)? fo(X)?

<

=) 8 [ad00 (12 Gy 0 ) W =)
(
)

—(1-p)-E|e2(x)-

—(1-p)-E|e2(x)-

~ -9 5[ E v =]

REMAINDER OF PROOF OF LEMMA A.5:
Let fi4 be a bound to the fourth centered conditional moments of €;. Because fiy < 00, it is easy to show
that the variance of the first term is o(1). The variance of the second term multiplied times J* is:

N J 2
1 1
=1 j=1
2 1 Y J J
+ NE N Z ZKM(i)qKM(t)q Z (sfj(i) UIQ/V@ (le(l))) Z (El )~ OW; (XlJ(t)))
=1 t>1 j=1 =1
1 [1 & 1 &
< — — q = il 2q 7 _
< NE N;KM<2) Jpa| + < F lN;QEﬁ?(NKM(Z) )JL(]@)M4
_ I 2, 2JL(R)fa [ 1 g
B O Ryl by R O



Using Bonferroni’s Inequality:

1

E (\/lﬁizrﬁ?(NKM(i)%)Q] _ NELII%SLXNKM } ZPr( max KM() >n)

< thNPr (KM(z')‘*q > n) - E[KM(i)4q}a

which is uniformly bounded for all N. Because the first moment of a random variable is bounded by the
square-root of the second moment we obtain that E[N /2 max;—;. n Kps(i)?9] is uniformly bounded for
all N, and the second term on the right hand side of equation (A.10) is 0,(1).

Let 52 be a uniform bound for the conditional variance of €;, and * = (52)2. The variance of the third
term on the right hand side of equation (A.10) divided by 4/J* is:

9 2
N J
1 1
E ZKM ZZ& oo | | = §F |5 2 Ku@™ | XY oo
=1 h>j i=1 J=1h>j
2 J
N ZZKM ()1 K pr(t ZZEl )€1n (i) Z ORIV
i=1 t>i J=1h>j J=1h>j
J(J —1)54 . 2JL Lo
< %E[mw”] + B | s 7] = o),

The last inequality holds because within the same treatment group, each observation is used as a match at
most J - L(k) times; and because there are J — 1 possible combinations of that observation and the other
J — 1 matches.

The variance of the fourth term on the right hand side of equation (A.10) divided by 4/J2 is:

XN J 2 1 X 2
B\ w2 Kt d e | | = 58 |5 2 Kl | e e
i=1 j=1 i=1 j=1
9 1 N J J
2 DI SHOR SO EDDEROE N D DEHD
=1 t>1 j=1 Jj=1
Jo* 2JL(k)o* 1
S—E[K iQQ}—&—iE—maxK )% = o(1
B[] + 20T | s K] = of1)
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The variance of the fifth term on the right hand side of equation (A.10) divided by 4/J? is:

2

J
E NZKM q&;uw(){) w; (X1 )

LN J 2
N SR | &> pw, (Xi) — pw, (X1, )
i=1 =1
J
ZZKM )T K (t) EZZ/VLW = pw; (Xi;i)) Z = b (Xi;1))
i=1 t>1 j=1
2
5.2
< N F | Kul ZMW = pw (X @) | | = o(1).

The variance of the sixth term on the right hand side of equation (A.10) divided by 4/J* is:

2
Ell 5 ZKM ZQ (@) ZNW — bw; (X4,(5))
2 2
1 1 N J J
= B [ 2B @ D e || Do ew (X)) — pw (X, )
i=1 j=1 j=1
o [{ XN J
+5E| % SN Kui) Kt <Zsl @ > 1w, (X) — Mm@%m))
=1 t>1 = j=
J J
X (Zfz](t)ZMWt(Xt) pw, (X (t)))]
j=1 j=1
N 2
J&? 1
< TE N;KM 24  max, ZMWL — b, (X1 ))
B 2
2JL(k)5% | 1
4+ ——F | — max K qmax (X0 =o(1).
N T M ZMWZ — pw, (X)) (1)

As a result, the variance of each term on the right hand side of equation (A.10) is o(1), so equation (A.9)
holds. This result, along with the result in equation (A.8) guarantees that the result of the lemma holds.
Here we also prove the second part of the lemma. The analysis from the beginning of this proof to
equation (A.7) applies here without change. Recall also from the proof of Lemma 3 that for any ¢ > 1,
(No/N1)E[Kp()9|W; = 0] is uniformly bounded. As a result, we obtain:

Ni1 i(l - Wi)KM(i)q(IE[&%,Vi (X)X, W] — oy, (XZ))‘
< s [E[58, (61X, W] — oy, (X) (x) B[k )| Ws = 0] = 0,1, (A35)
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To obtain the second result of the lemma, it is left to be proven that for ¢ > 1:

N
N D00 = WK ()9 (5, (X)X, W] = 53, (X)) = o,(1). (A.36)

Notice that:

J
(55) 5 3 marr(Blat, (6%, W) - 63,(X)) = 3 K2 = ol (09)
Wi=0 Wi=
J
+Ni1 > KM(i)q%Z (E?j(i) _UI%Vi(le(i))) J2N Z K (i ZZ& i€ (i)
Wi=0 j=1 J=1h>j
J J
— J]2\7 Z KM(i>q€iZ€ JN Z KM QEZZ( :U’WL(XZJ(Z))
L w,—o j=1 W,=0 J=1
J J
JQN Z KM ngl7(z)Z(NW //*Wi(le(i))' (A.37)
W;=0 j=1 =

The means of the terms on the right-hand side of equation (A.37) are zero. It is left to be shown that the
variances are o(1). The variance of the first term on the right hand side of equation (A.37) is

2
(3 S @) | - e[ (-

W;=0

< ]‘_\‘[—‘i (ﬁ?) E[KM(i)Qq‘Wi - 0} = 0,(1).

%(%)E[KM(Z)% W; = ]+ J(JL(]]\?l Vi g NL :OKM(Z)qI/IH}ta—}%)KM()]
_ J(JL(]l\cf)1 )A4 g ]\1[1 mzzo[ o) (a1 () K (1) max K (1)? |+ o(1)
< J(JL(]’;)I ita ]\2 (Vr%a%KM(t)?q) W;Ql[l)oo)(KM(i)) +o(1)
- 2J(JL(\/</)]T—11)MM4E[V%%%%KM@% o),
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where 14 is the indicator function of the set A (that is 14(x) = 1 if x € A, zero otherwise). Using
Bonferroni’s Inequality:

E

max KM(i)2q> 21

1 1
(e, s W | '
1 Vs

W,;=0

_ 1« \4q
= MgPr(VI‘r}g%KM(z) >n)

IN

N% iNO Pr (K (i)" > n| W; = 0)
n=0

N() N4
I
which is uniformly bounded. Because the first moment of a random variable is bounded by the square-root
of the second moment we obtain that E[N; 1/2 maxyy,—o K s (4)9] is uniformly bounded, and the second
term on the right hand side of equation (A.37) is 0,(1). The variance of the third term on the right hand
side of equation (A.37) divided by 4/J* is:

J J
E Nil > K7D e0em0 N1 Z Ol DIPPERCENT
W;=0 0

j=1h>j W= j=1h>j

J J
%ZKM(Z'ZI Z Kar(t)? ZZﬂj(i)fzh(i) szzj(t)ﬂh(t)
W, =0

We=0,t>4 j=1h>j j=1h>j

J(JQ;Vll)&4 <—7]z(1)> {KM ()24 W, = } J(J—l)({VLl(k)

ZKM maxKM()]

J(J — 1)(JL(k) —

E:luw)KM i) K ()" max Ky (1)7 | +o(1)

J(J — 1) (JL(k) — 1)&*

IN

%naXKM leoo) KM )

=0

+o(1)

J(J —1)(JL(k )— )M&4
< N E[FgaxKM() ]Jro(l)o(l).

The variance of the fourth term on the right hand side of equation (A.37) divided by 4/J2 is:

2 2

F Z K (i 61261 ) :7 Z K(i = 51251 (4)

J
N1 Nl Z K (i Z KEu()? | & Zel &t Zalj(t)
Wi=0 j=1

Wi=0,t>1i

gﬁ(ﬁf)E[KWﬂWi} 2RI | 5 o g o] = ot
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The variance of the fifth term on the right hand side of equation (A.37) divided by 4/J? is:

2
E Z K(i EZZMW — pw, (X1, (1))
2
1 1
= _F|— K (8)%9 | g (X)) — pw (X
N N WZ:O wm (i) € Zum( ) — bw (Xa; )
2 |1 !
+EE iw oKM ;KM )? €¢Zuwi(Xi) — bw; (X)) €tZMWf,(Xt) — pw, (Xi;(1))
; 2
<Z N1 N1 Z (i) [ > pw, (X3) = pw, (X3, ) = o(1).
The variance of the sixth term on the right hand side of equation (A.37) divided by 4/J% is:
2
J
FE N1 Z K]u ZE[ (#) Z — bw; (Xl (z))
2 2
J J
= N1 N1 Z K (i Zﬁz (i) > nw (X3) = pw, (X0, )
j=1
J
N S Ku()? > K (Zel()Zuw .UW(XZ())>
L w,—o Wi =0,t>i j=1 -1
J J
X (Zglj(t) ZHWt(Xt) - MWt(le(t))>]
j=1 j=1
, 2
<ICp| L S K ()2 max [ 3w (X0) — o, (X, )
=N N M max | Q2 pw (K w (X1, (1)
Wi:() jil
B 2
2J(JL(k) - 1)z% | 1 . :
+ N, E EWZ;OKM(ZV mmax Ky ()7 max ;uwt(Xt) —pw, (X)) | | = o(D).

As a result, the variance of each term on the right hand side of equation (A.37) is o(1), so equation (A.36)
holds. This result, along with the result in equation (A.35) guarantees that the result of the lemma holds.[]

~sm,t

REMINDER OF PROOF OF THEOREM 8: For the variance of 7,;"" we obtain:

]\1[1 (vi- Vi) - Ai?”)Q = ]\1,1 (vi - Vi0) - Tt)2 — (7t -2
=1 W;=1
= ]\2 Z (Yi ~Y;(0) —Tt)z—I-op(l). (A.38)



In addition,

1 ~ 2
v 2 (Yo -
W;=1
2 2
L L5 t 1 1 &
=W > i > (X)) = po(X5, @) -7 + ¥ S (a-=S e
W;=1 m=1 W —

M
| M
Z <M P (Xs) = po( X5, 1) — ) < Z €gm(z)> (A.39)

w;=1

Because the sample maximum of the norms of the matching discrepancies, | X; — X, ], is 0p(1), and
the regression function uyg, is Lipschitz, we obtain

N1 ( ZMO (z‘))) = o0p(1). (A.40)

Consider the first term on the right hand side of equation (A.39):

N1 > ( Zﬂl (z'>)—Tt>2

wW;=1

M 2
= ]\171 > ((ul(Xi) — Ho(X;) — ') + <J\14 > no(Xi) - MO(ij(i))>>
W;=1 m=1
1 o1 1 < ’
=N Z (1 (X3) = po(Xi) —77)° + N Z Z 10(Xi) = po( X, 5))
W;=1 W;=1 m=1
M
A D (a(Xa) = po(Xi) = 79) (]\14 > no(Xs) —Mo(Xam(z))>
Wi=1 m=1
N > (a(Xi) = po(Xs) = 7 + 0p(1), (A1)
W;=1

by Holder’s Inequality and equation (A.40). Next, consider the second term on the right hand side of
equation (A.39):

2
1 M 1 M
]\]1 Z < i Z 67'"@ ) 1 Z ( M2 <Z .7m( ) + 2 Z Z gjm 7/)87n( )) Z 7m(Z >

i=1 m=1 W;=1 m=1n>m m=1
Therefore

2
1 M 1 < K (7)
NlW__1< € — mZ: > N1;<W +(1-W) 2 )gQ(Xi,Wi)
N

1

<Wi (- Wﬁﬁ”}?) (€2 = 0%(X:, W3))

N ZMQ (Z D i %@) Z Zes] - (A42)

m=1ln>m
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The expectations conditional on X and W of each of the three terms on the right hand side of last expression
are zero, so the unconditional expectations are also zero. Because the fourth conditional moments of ¢; are
uniformly bounded, and because (No/N1)E[K s (i)2|W; = 0] is uniformly bounded (see Proof of Lemma
3), we obtain:

E G > (Wi +(1- w»K;;ﬁ”) (eF — o* (X, W»))

Nil Z <Wi +(1- Wi)K}j\\Z(j)) (€7 — o*(Xi, Wz))zl = o(1).

i=1

1
- —F
Ny

The variance of the second term divided by 4/M* is

1 M ’ e M ’
E <N1 Z Z Z 5J‘m<i>5jn<i)> = ﬁlE N Z (Z Z 5jm<z‘>5jn<i)>

W;=1m=1n>m W;=1 \m=1n>m

2 [ S S
DI (Z Z%(i)é‘jn(i)) <Z Zsjm(nsjnu))

Wi=1W;=1,>i\m=1n>m m=1n>m

1 1 (M—-1)M _,
= EE N, D 2 ]
L W;=1
+ +E ; 3 (1 = D) Rui) - 1)54] — o(1)

The variance of the third term divided by 4/M? is

1 M ’ 1 1 M ’
E <N1 > Z&'%‘m(i)) = EE N > (Z €i€jm(i)>
W;=1m=1 W;=1 \m=1

s |1 ol -
+ ﬁlE EWX: > <Z5i5jm(i)> (;ﬁjsjm(j)>

=1 W;=1,7>1 \m=1

IA
|
S

1 —4
L W;=1

As a result, we obtain

1 1 & * En@)\ 2y B
N, > &*MZ%@) *ﬁlwzﬂ Wit (1= Wi)— 5= | o~ (Xi, Wi) = 0p(1).

W;=1 m=1

Finally consider the last term on the right hand side of equation (A.39). Let

M
1
Wi = (M > (X)) = po(X5, ) — Tt) -
m=1

Notice that there is a finite bound W?, such that (Wil < Wi for all . The conditional expectation of the
last term of equation (A.39) is zero, so the unconditional expectation is also zero. The conditional variance
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of this term (divided by 4) is

M 1 M
Z >y, ( & — Z Mz) <8j —a7 fjmm)
m=1

1W—1W—1 m=1

M
< N2 SN wh, Wy e || +2|E MN2 Z >, \IﬁM,jsiz_:lejm(j)

I wi=1w,;=1 Wi=1W,;=1

M M
t\E e N2 DD Y D D )
m=1 m=1

L w,=1w;=1

Notice that'

E N2 Z Z ‘I’Mz M,j5i5j

L w=1w;=1

1
N2 Z (‘IjAtl\/[,i)2612‘|

1 w,=1

= |E <—F

M
E MN2 S W YLE DY sam || =0,
m=1

L w=1w;=1

M M M 2
M2N2 Do VWi D i) D St || S |B M2N2 > (W) (Z 5jm<i)>
m=1

Wi=1W;=1 m=1 m=1 W;=1
[ 1 .
+2|E M2N2 Z Z \I/ \I/]\/[j Z €jom (4) Z Ejm (5) < FE MN. g
Wi=1 W, =1,j>i m=1 1 Ly, =1
—2
Pt 1 )
+ 5 F | s S0 K@) (K(i) - 1)511 = o(1)
L Wi=0
As a result, we obtain:
1 % % ~sm 2 1
o (Vi) - Ti0) - 7) = N 2 () = po(xi) = )’
W,;=1 W;=1

Applying the previous lemma:
N

1 | CKn() a0 ooy 1 | NSO PN

N ?1(WZ+(1 W)= )O’(X“WZ) N ;:1 Wi+ (1= W) =255 ) 32X, W) = 0,(1):
Therefore,

N .

~ 1 ~ R 2 1 Kp(i)\ ~

T(X)t Y. — V. (0) = 75t} (1 - WM 2(x. W) 2 (0.t

v N1W§._1(l -(0) — 73 ) " ;:1 (WH—( W) =52 ) (X, W) BV
O
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