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ABSTRACT

In paired randomized experiments units are grouped in pairs, often based on covariate
information, with random assignment within the pairs. Average treatment effects are
then estimated by averaging the within-pair differences in outcomes. Typically the
variance of the average treatment effect estimator is estimated using the sample vari-
ance of the within-pair differences. However, conditional on the covariates the vari-
ance of the average treatment effect estimator may be substantially smaller. Here we
propose a simple way of estimating the conditional variance of the average treatment
effect estimator by forming pairs-of-pairs with similar covariate values and estimat-
ing the variances within these pairs-of-pairs. Even though these within-pairs-of-pairs
variance estimators are not consistent, their average is consistent for the conditional
variance of the average treatment effect estimator and leads to asymptotically valid
confidence intervals.

1. INTRODUCTION

In paired randomized experiments units are grouped in pairs with randomized assignment
within the pairs. Average treatment effects are then estimated by averaging the within-pair
differences in outcomes. Typically, the variance of the average treatment effect estimator
is estimated using the sample variance of the within-pair differences (e.g., Snedecor and
Cochran, 1989). However, often the pairing is based on covariate information at least par-
tially available to the researcher (e.g., Rosenbaum, 1995). Conditional on such information
the variance may be substantially smaller.

The conditional variance of the average treatment effect estimator can be expressed
in terms of the conditional outcome variances. Consistent estimation of these conditional

outcome variances is a difficult task which requires nonparametric estimation involving
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sample-size-dependent smoothing parameter choices (see, e.g., Stone, 1977). Here we pro-
pose a simple way of estimating the conditional variance of the average treatment effect
estimator by forming pairs-of-pairs with similar covariate values. These pairs-of-pairs al-
low us to obtain close-to-unbiased estimators of the conditional outcome variances. Even
though these estimators are not consistent for the conditional outcome variances, their av-
erage is consistent for the conditional variance of the average treatment effect estimator and
allows us to obtain asymptotically valid confidence intervals. A Monte Carlo simulation

suggests that our estimator is accurate even in fairly small samples.

2. PAIRED EXPERIMENTS WITH COVARIATES

Consider a setup in which N pairs of units are matched on the basis of a vector of covariates.
The covariates will be denoted by X;, i =1,...,N. Let X' = (X3, X5,..., Xy). For each i,
two units are drawn from the subpopulation with X = x;. One of the two units is randomly
selected to receive the active treatment, and for this unit we record the response Y;(1). The
second unit receives the control treatment and for this unit we record the response Y;(0).
Let A(z) be the population average treatment effect for the subpopulation with X = z.

Under standard conditions randomization implies:
A(x) = EYi(1) = ;(0)|X; = ).

Let ¢; be the difference between the within-pair difference in outcomes and its population

expectation conditional on X;:
g; = Y;(1) = Y;(0) — A(X;).

Conditional on X;, €; has mean zero and variance o2(X;).

The average treatment effect for the sample conditional on the covariates is:

The average treatment effect for the population is the expected value of A(X) (which is the

same as the expected value of 7(X)) over the distribution of X in the population, fx(z):

= B[A(X)] = / A(x) fx(2)da.



The estimator we consider is the average over the sample of the within-pair differences:

i=1
Conditional on X, 7 is unbiased for the average treatment effect 7(X). Hence, if the
elements of X are chosen as random draws from the distribution of the covariates, 7 is
unconditionally unbiased for 7.

The variance of 7 conditional on Xi,..., Xy is

V(FX) = B (7 = 7(X))’

1 N
X| = 5 Yot
i=1

The unconditional variance of 7 is V(7) = E[(7 — E[7])?]. If the vector X is chosen at

random from fx(z) the unconditional variance is

V() = B[ - 7] = E[VEX)] + v (EFIX])

—E %;af()(i) +V<%;A(Xi)).

This last equation shows that the marginal variance V' (7) is larger than the average of the
conditional variance V' (7|X) by the variance of the treatment effect A(X). Therefore, if
the average effect of the treatment varies substantially with the covariates, the difference
between the marginal variance and the average conditional variance will be large.
It is straightforward to estimate the normalized unconditional variance using the sample
variance of the within-pair differences:
~ 1 2
N V(F) = == > (Vi) - vi(0) - 7) | 1

i=1
which has expectation equal to N - V(7). See for example Snedecor and Cochran (1989).
Estimating the normalized conditional variance N - V(7|X) is more difficult because it in-
volves the unknown function o%(z). In this article, we propose a simple matching estimator
of the conditional variance of 7.

The choice of conditional or unconditional variance corresponds to a focus on the sample
average treatment effect 7(X) versus the population average treatment effect 7. There are

two reasons for our interest in the former. The first is that in many paired experiments



the sample is not chosen at random from a well-defined population and there is therefore
no well-defined population average effect. The second reason is that we view it as useful
to separate the uncertainty about the treatment effects for the sample (as captured by the
conditional variance) from the uncertainty coming from the uncertainty stemming from the
extrapolation from the sample to the population (which is combined with the former in the

unconditional variance).

3. A MATCHING ESTIMATOR FOR THE VARIANCE

The conditional variance of the average treatment effect estimator depends on the condi-
tional variance of the outcome differences, o2(x). Estimating these consistently requires
non-parametric estimation of conditional expectations, which in turn requires choices of
smoothing parameters that depend on sample size (see, e.g., Stone, 1977). However, we
are not interested in the conditional variances at every x, only in the average of these

conditional variances in the form of the normalized conditional variance:
1 N
: _ 2
N-V(TX) =+ ; o (Xi). (2)

To estimate (2) we propose a nearest neighbor or matching approach, which can be in-
terpreted as a nonparametric estimator with a fixed bandwidth. This leads to an approx-
imately unbiased estimate of o2(x) at every x, but not a consistent one. However, the
average of these inconsistent variance estimators is consistent for the average of the vari-
ances in the same way that, although the unit-level difference Y;(1) — ¥;(0) are unbiased
but not consistent for A(X;), the average difference ) (Y;(1) — ¥;(0))/N is consistent for
T.

Suppose we have two pairs ¢ and j with the same covariates, X; = X; = x. The average

of the squared difference between the two within-pair differences is:

B[((%(1) - ¥i0) - (15(1) = %(0)))

Therefore,

1 2
5 (1) = Yi(0)) = (v5(1) = ¥;(0)))
is unbiased for ¢2(x). In practice, it may not be possible to find different pairs with the
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same value of the covariates. Hence let us consider the nearest pair to pair ¢ by solving
j(i) = argminj:j;éiHXi - XjH7

where [|a|| is the standard vector norm, ||a|| = (Zle a?)'/2. Let

2

$20X) = 5 ( (%) = Yi(0)) = (Vi (1) = Vi (0))) -

Consider the conditional expectation of this variance estimator:

£

E [SQ(Xi)

XJZ%Gﬂxmmﬂ&mwwA@D—A“W”ﬁ’

which differs from ¢2(X;) by a bias term

B,=E [sg(Xi)

X] —ou(Xi) =5 <0§(Xj(z'>) —02(Xi) + (A(X:) - A(Xm)))Q)-

At an intuitive level, if the conditional moments of Y;(1) — Y;(0) given X; are sufficiently
smooth in the covariates, the bias of the pair-level variance estimates, B; will vanish asymp-
totically if the matching discrepancies, ||X; — Xj(; ||, vanish as N increases. However, even

if the bias goes to zero as the sample size increases, the pair-level variance estimators,

2

s2(X;), do not estimate the variances 0?(X;) consistently because the variances of s?(X;)

do not vanish. In fact, as N increases the variance of s?(X;), conditional on X;, converges
to V(e?]X;)/2.
We use these pair-level variance estimates to estimate the normalized conditional vari-

alce as:

N
— 1 9
N V) = 1 305X 3)
i=1
Now, if the bias of N - V(7]|X) converges to zero, then it is sufficient to show that the
variance also converges to zero in order to prove consistency. Notice that the pair-level

2

variance estimates sZ

(X;) are not all independent as the same pair may get used as a
match more than once. Nevertheless, we will show that because the maximum number of
times that a pair can be used as a match is bounded (depending only on the dimension of
X, see Miller et al. 1997) the average, N - Vﬁ), is consistent.

The next two assumptions contain sufficient regularity conditions for consistency of our

estimator of the conditional variance in paired experiments, defined in equation (3).
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Assumption 1: (1/N) 3N || X; — X;i? — 0.

Assumption 2: (i) A(z) and oZ(x) are Lipschitz in X, with constants Ca and Cyz, re-
spectively, and (ii) the fourth moments of the conditional distribution of &; given X = x

exist and are uniformly bounded by some constant, jiy.

Assumption 1 is not primitive. However, the next lemma shows that boundedness of the

set X, from which the elements of X are chosen, is enough for Assumption 1 to hold.

Lemma 1: If the components of the vector X are chosen from a bounded set, X, then

Assumption 1 holds.

Assumption 2 contains regularity conditions. The following theorem shows that, under
assumptions 1 and 2 the estimator of the conditional variance described in equation (3) is

consistent.

Theorem 1: Suppose that assumptions 1 and 2 hold. Then, conditional on X:

N (VIR - VX)) = 1 30 (2050 = 02(X) 20

4. DISCUSSION

The pair-level variance estimators, s2(X;), can be interpreted as nearest-neighbor nonpara-
metric estimators of o%(X;). For consistency of such estimators it is typically required that
the number of neighbors increases with the sample size. However, increasing the number
of neighbors is not required for consistency of the normalized conditional treatment effect
variance estimator, N Vﬁ) =Y, s2(X;)/N. This is somewhat similar to Eicker’s (1967)
estimation of the variance in regression models with heteroskedasticity. Although his esti-
mators do not estimate the form of the heteroskedasticity consistently, they do consistently
estimate the average variance.

Although it is not required for consistency, one can use more than one neighbor to

estimate the variances, o2(X;). Let D; = Y;(1) — Y;(0) and let j,,(7) be the index of the

£



m-th closest match to pair ¢ in term of the covariates. An estimator of o2(X;) that uses

M neighbors is:

. 1 -
G2 X;) = i > (Dji) = Dury)”

m=0

where Dj,;) = D; and Dy = (M + 1)1 Z%:O Dj. - If 02(X;) does not vary much
with the covariates, using multiple neighbors may result in a more precise estimator for the
variance and thus in improved confidence intervals in small samples. Notice that for the
limiting case of M = N — 1, the estimators in (1) and (3) are identical.

Notice also that alternative estimators of N - V(7| X) could be constructed as:

1 N
=1

2

2(x) is a consistent estimator of o?(z) given by non-parametric smoothing tech-

where &
niques (e.g., series or kernel regression). The advantage of our matching estimator of
N - V(7| X) is that it does not require consistent estimation of the function ¢?(z), and
therefore it does not force researchers to choose smoothing parameters as functions of the
sample size.

If the vector X is chosen at random from the distribution, fx(z), then the standard
variance estimator in (1) provides asymptotically conservative confidence intervals for the
conditional average treatment effect 7(X), as well as valid confidence intervals for the pop-
ulation average treatment effect 7. The variance estimator proposed here in (3) provides
asymptotically tighter, but valid, confidence intervals for the conditional average treatment
effect 7(X) regardless of how X is chosen, but not for the population average treatment
effect 7. Conditioning on the covariates can therefore be interpreted as changing the es-
timand. Which estimand is of interest may differ in applications, although often interest

is in the specific sample at hand, and thus in 7(X), especially when the sample is not

representative of the population of interest in their covariate distribution.

5. A SMALL SIMULATION STUDY

In this section we carry out a small simulation study to investigate the small sample prop-

erties of the proposed variance estimator and the associated confidence intervals. We draw



samples of N = 50 and N = 200 pairs. In each replication the scalar covariate is drawn
from a uniform distribution on [0, 4]. In our initial Monte Carlo specification, conditional
on X; = z, Y;(0) has a normal distribution with mean z and variance equal to 1, and
Yi(1) has a normal distribution with mean zero and variance equal to 0.5. In Table 1, we
report the average standard error based on the standard formula (1), the average standard
error based on the proposed formula (3), and the coverage rates of the associated 95% and
90% confidence intervals of the conditional treatment effect 7(X) (which differs between
replications because the covariates are re-drawn each time). We use 50,000 Monte Carlo
repetitions. In the simulations in Table 1, for both sample sizes (N = 50 and N = 200)
the average standard error is considerably smaller for the matching variance estimator. In
addition, the confidence intervals based on this variance estimator have approximately the
right coverage, whereas the standard variance estimator leads to substantial over-coverage.
A sample size of 50 pairs seems sufficiently large to lead to fairly accurate estimates of the
variance.

Table 2, reports Monte Carlo results for the cases of multiple matches (Panel A) and
heteroskedasticity (Panel B). In Panel A of Table 2, we repeat the analysis of Table 1 using
one, five, and twenty-five matches for the calculation of the conditional variance estimator.
For N = 50 coverage rates improve by using five matches, relative to just one. For N = 50,
coverage rates deteriorate when we go from five to twenty-five matches, but they stay
reasonably close to nominal levels. For N = 200, coverage rates improve as we increase the
number of matches from one to five, and from five to twenty-five. In Panel B, we repeat
the analysis of Panel A, this time allowing for heteroskedasticity, and we obtain the same
results.

In Table 3, we consider the case in which the the variance of A(Xj;) is equal to zero,
so both the standard variance estimator in (1) and the matching variance estimator in (3)
produce valid inference for 7(X). As expected, confidence intervals constructed using the
standard variance estimator and the matching variance estimator produce coverage rates

that are close to nominal levels.



APPENDIX

Proof of Lemma 1: Because the set X is bounded, it is enough to prove that the
(1/N) Zfil || Xi—X()|| converges to zero. (Because the matching discrepancies are bounded
by the diameter of X, convergence of (1/N) S~ | Xi—X() | to zero implies that (1/N) SV
| X; — X ||? converges to zero too.) Given that the set X is bounded, we can always embed
X in a hypersphere of the same diameter. Without loss of generality, assume that the radius
of such hypersphere is equal to one. Now, suppose that there are M matching discrepancies
greater than 2e, with ¢ < 1/2: [|X; — Xj(;)|| > 2¢. Construct an open ball of radius ¢ around
each such point. These M balls do not intersect because their radii are smaller than half
of the distances between their centers. The volume of each such ball is equal to (*/k)Sy,
where Sy, is the surface area of a unit hypersphere in £ dimensions. Obviously, all such balls
are embedded in a hypersphere of radius (1 + €). Therefore: M (e*/k)S), < ((1+ €)*/k)S.
As a result, Ve < 1/2:

1 k
M<< +5>.
19

Then, because the diameter of X is bounded by 2, we obtain:

N k
1 M (N—M) 1 /14

= S)IX; - X oM Lo\ = M) oiN 9 = .
NH” i— Xl < 2y 25— <2AM/N+e) < (N( c ) +5)

Consider e = N~V/U+K) As N — 00, € — 0, and

1 /1 ko NE/(L+R)
S (1EE) = O(1) = o(1).
N € N
As a result,
| N
N I = X =0,
i=1
which along with boundedness of X proves the statement of the lemma. O

Proof of Theorem 1: Because,

E [SQ(Xi)

3

X] - o2 = 5 (2Xy0) = o205+ (ALK - ACt0)°)

and Assumption 2, we obtain:

3 3

Cha ng
‘E |:82(Xi) < THXi — Xjwll + THXz' — XjlI*.

X] e




By Assumption 1:

1 N
5 21X = X = 0.

i=1

Cauchy-Schwarz Inequality implies that:

] N 1 N 1/2
W= Xl < (31 xl) 0
i=1 =1

Therefore:

N

=1

£

X] - JQ(XZ-)) 0. (A.1)
Notice that:

%Zil (Sg(Xz') - K {Sz(Xi)

) -

1 N
— NZE,’EJ@) (A2)

Clearly, the conditional expectations of all the terms on the right-hand-side of equation
(A.2) are equal to zero. Next, we show that the conditional variances of all the terms on
the right-hand-side of equation (A.2) converge to zero. Because the expectations of all the
terms, conditional on X are equal to zero, the variances are equal to the expectations of the
squares. The maximum of number of times that an observation can be used as a match,
given that the dimension of X is equal to k, is bounded by L(k). The integer L(k) < oo
(sometimes called the “kissing number” in k& dimensions) is equal to the maximum number
of non-overlapping unit balls in R¥ that can be arranged to overlap with a unit ball. For
k=1,2,3, L(k) = 2,6,12, respectively. (See Miller et al. 1997.) For each of the five terms
on the right-hand-side of equation (A.2), the conditional second moments are:

B (%Z@%—aaxz»))) X| = L VEx) <

i=1 i=1

W

10



,1/2

B N
1 2
= 4N2'Z(532(z)_02(XJ(2))) X]
L =1
+ B 2N2 ZZ 5 _U (EJ(Z)_Ue(XJ'(i))) ‘X]
=1 t>1
< E+L(k)#4
— 4N 2N
1 I 2 &
= m Z 8?6]- m Z Z 5z‘5j(i)5t5j(t) X]
=1 =1 t>1
o fu | 2L(k)
- N N
2 1 N
2
J(z>))> ‘X = E msz (A(X:) — A(X;)) X]
=1
T )
< f\; E NZ(A(Xi)_A(X](Z))) ‘X]
ﬁ1/2 v
< ;\, OANZHX 7.

2
OANZHX X

7 _1/2
+ L(k)py/ czﬁz I1X: = Xl D 1%
=1

= Xl
J(H)=4(i)

N N
- 1 1
<o(1) + L(k)ﬂi/QCiN D IIXi = X <N > OIx - Xj(t)”) :
=1 t=1

11



As a result, the conditional second moments of each of the five terms on the right-hand-side
of equation (A.2) converge to zero. This implies that

V(%ﬁi@ﬂXo—EFﬁXJXD\X>ZOGL

1=

and therefore, conditional on X:

%i (s20x) - B [20x)

ﬂ):%m. (A.3)

Now, the result of the theorem follows from equations (A.1) and (A.3). O
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TABLE 1 — MONTE-CARLO SIMULATION

: BASIC RESULTS

X ~ UJ0,4]
Y(0)| X =2~ N(x,1), Y(1)|X =2~ N(0,1/2)
50,000 replications, one match

N =50 N =200
average 95% conf. 90% conf. average 95% conf. 90% conf.
s.e. interv. interv. S.e. interv. interv.
Standard variance estimator 2370 9915 9742 1189 9918 9743
Matching variance estimator 1716 9410 .8892 .0864 9463 .8963
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TABLE 2 — MONTE-CARLO SIMULATION: MULTIPLE MATCHES AND HETEROSKEDASTICITY

Panel A: Homoskedasticity

X ~ UJ0,4]

Y(0)X =z~ N(z,1), Y(1)|X =2~ N(0,1/2)
50,000 replications, one and multiple matches

N =50 N =200
average 95% conf. 90% conf. average 95% conf. 90% conf.
S.e. interv. interv. S.e. interv. interv.
Standard variance estimator .2370 9915 9742 1189 9918 9743
Matching variance estimator
1 match 1716 9410 .8892 .0864 9463 .8963
5 matches 1732 9472 .8961 .0865 9474 8971
25 matches .1920 9688 9296 0871 9488 9003
Panel B: Heteroskedasticity
X ~ UJ0,4]
Y(0)|X =2~ N(z,1), Y(1)|X =2~ N(0,1—x+2%/4)
50,000 replications, one and multiple matches
N =50 N =200
average 95% conf. 90% conf. average 95% conf. 90% conf.
s.e. interv. interv. s.e. interv. interv.
Standard variance estimator 2297 9926 9775 1153 9940 9784
Matching variance estimator
1 match 1616 9403 .8887 .0814 9463 .8965
5 matches 1629 .9456 .8940 .0815 9478 .8970
25 matches 1787 9659 9259 .0819 9491 .8985
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TABLE 3 — MONTE-CARLO SIMULATION: V(A(X)) =0

X ~UJ0,4]
Y(0)|X =2~ N(0,1), Y(1)|X =2~ N(0,1/2)
50,000 replications, one and multiple matches

N =50 N =200
average 95% conf. 90% conf. average 95% conf. 90% conf.

s.e. interv. interv. s.e. mterv. interv.

Standard variance estimator 1723 .9467 .8940 .0865 9476 .8976
Matching variance estimator

1 match 1715 9412 .8890 .0864 19463 .8962

5 matches 1721 .9456 .8936 .0865 9473 .8970

25 matches 1722 .9454 .8942 .0865 9473 .8976
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