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Abstract

The paper analyses various proposals for the organization of regional elec-
tricity transmission in terms of the market incompleteness that they may im-
plicitly assume. Elementary notions of variational inequalities constitute the
analytical tool used throughout the paper. The discussion is conducted with
reference to the flow gate debate in California and European proposals for the
organization of cross border electricity trade.



1 Background

The organization of cross national transmission of electricity in Europe and
the ongoing discussion of restructuring in California constitute the background
of this paper. The European Commission (EC) repeatedly asserted that it will
not be satisfied with 15 liberalized electricity markets (there are currently 15
nations in the European Union) but wants an integrated market. Two major
bottlenecks stand in the way of that goal. One is the remaining lack of har-
monization of the electricity legislation among member countries, even though
plans exist at the EC level to remedy the situation (creation of a European
Regulator, introduction of a new directive imposing the legal separation be-
tween transmission and other parts of the industry). The other bottleneck is
the limited transmission capacity across control areas. The European Asso-
ciation of Transmission System Operators (ETSO) together with the Council
of European Energy Regulators (CEER) and the European Commission are
extensively discussing methods for dealing with access to cross border lines. It
is suggested in this paper that this discussion does not take sufficient account
of lessons learned in the US, especially those gained from the restructuring in
California. One indeed may get the impression that Europe is (unconsciously)
adopting the philosophy of decentralization which characterizes the Califor-
nian system without imposing the underlying market structure that suggested
that this organization would work. If this conjecture proves true, then the dif-
ficulties encountered in California may only be a modest anticipation of those
expected in Europe. This paper provides what we believe to be a potentially
useful formal framework for investigating both US and European proposals
for cross border electricity trade. An analysis of ETSO’s proposals using the
concepts developed in this paper is given in Boucher and Smeers (2001). The
material of this paper consists of a formal modelling of some of the rich and ex-
tensive discussion that took place at and after the MEET meeting in Stanford
in August 2000 (http://www.stanford.edu/group/EMF/meet). We accord-
ingly focus on the dichotomy between the nodal and flow gate organizations
of transmission markets and discuss various models of regional transmission
organization that we analyze in terms of missing markets. Market incomplete-
ness has indeed been identified in Wilson (1999) as a main characteristic of
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competitive electricity systems. The extent of market incompleteness there-
fore constitutes a useful yardstick to evaluate restructured electricity systems
in general and the organization of regional transmission in particular.

The paper is organized as follows. Section 2 introduces some notation and
the six node network used as an example throughout the paper. Even though
our propositions are stated on this example, the reader can easily convince
herself that they hold true in general. The section also introduces the formal-
ism of variational inequalities and briefly recalls the principles of the nodal
and flow gate organizations of transmission operations. Because the objective
of the paper is to analyze regional transmission in terms of market incomplete-
ness, we briefly recall this notion. We also distinguish, for the purpose of the
analysis, between (what we somewhat arbitrarily call) physical and financial
market incompleteness and missing markets. Section 3 first discusses the case
where the market of transmission services is completely missing. It obviously
concludes that this organization, which still pervades some proposals, results
in a grossly incomplete market. The introduction of a market for transmission
services whether in nodal or flow gate form is then presented. It is shown
that it physically completes the market. Excessive complexity is often invoked
against proposals of transmission organization that effectively deal with the
intricacies of network services. As an attempt to answer some of these criti-
cisms, Section 4 introduces the notion of an aggregate or extended flow gate.
Needless to say, a concept cannot eliminate the inherent complexity of the
transmission system. But its use in the organization of transmission opera-
tions may shift some of that alledged complexity from the power marketers
to the Independent Systems Operators (ISO). The notion of extended flow
gate introduces a dual vue of the network: power marketers procure aggre-
gate transmission capacities to conduct their energy transactions while ISOs
assemble these transmission capacities from line and ancillary services. This
repackaging of the transmission services maintains a physically complete mar-
ket but also allows for controlled incompleteness in case the introduction of
“simplifications” is judged compulsory. The need to conduct a security con-
strained dispatch has been argued against the flow gate proposal. We show
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in Section 5 that our dual view of the market is robust with respect to this
criticism. All the above discussion can be seen as taking place in the forward
market. Section 6 considers both a forward and spot markets: energy and
transmission transactions are concluded in the forward market and (at least
partially) settled in the spot market. These two markets are both a fact of life
in many restructured systems and an essential ingredient of the nodal and flow
gate proposals. The introduction of a spot market explicitly calls for a repre-
sentation of uncertainty and, by way of consequence, requires a more involved
treatment of market completeness (financial completeness). We discuss two
approaches. In the first one, transmission capacities are initially auctionned
in the forward market. We show that physical market completeness can be
achieved both in the nodal and flow gate models, provided the latter allows
for aggregate flow gates. We next consider a financial market and show that
the nodal system still achieves physical completeness but that the flow gate
model requires stronger assumptions to arrive at the same result. We conclude
the section by indicating that none of these approaches achieves market com-
pleteness in the sense commonly adopted in finance. Further developments
of financial instruments are thus required if financial completeness is to be
pursued. The main findings of the paper are summarized in the conclusion.

2 Notation, an example and some methodological

reminders

2.1 The example and a primer on power flow

The discussion is conducted throughout this paper on the following example
due to Chao and Peck (1998). We consider a six node network that can be
seen as a two control area system (Figure 1). In this interpretation, zone I

consists of nodes 1,2,3 and zone II comprises nodes 4,5,6. To focus on cross
area transmission, one assumes that the lines (1–6) and (2–5) are the sole
bottlenecks of the grid and the other lines have infinite capacities. In order to
simplify the discussion, we suppose that there is one marketer based in each
zone, purchasing and selling in both zones (e.g. marketer I purchases and sells
in both I and II zones).
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Figure 1

We assume that these marketers trade through bilateral transactions and note
eI and eII the vectors of these transactions. We abuse notation by writing
e = (eI , eII) = eI + eII , depending on the context, to refer to the vector of all
transactions. In order to later introduce ISOs, we also suppose an other type
of marketers that trade through nodal transactions. We let iI , iII denote the
nodal injection/withdrawal of these latter marketers. We again abuse notation
and write i = (iI , iII) = iI + iII , depending on the context.

Consumers and generators are located at the nodes of the network. A
consumer is represented by his demand curve p(q) (p and q are respectively
the price paid by that consumer and the quantity consumed) that we assume
to be monotonically decreasing. Generators are represented by their marginal
cost curve p(q) that we assume to be monotonically increasing. For technical
simplicity we assume that p(q), whether a demand or supply curve, is a con-
tinuous function.

Most of the discussion relative to the organization of transmission oper-
ations has been conducted using power distribution factors (PDF). The pros
and cons of this representation of transmission are extensively discussed in
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Hogan (2000b). We introduce the PDF formulation here but postpone the
discussion of the extent to which we can accommodate some of these criti-
cisms. PDFs are constructed from the DC load flow approximation of the
active and reactive load flow equations. This approximation has the following
properties. Assume a given topology of the network and an arbitrary swing
node (taken as node 6 in Chao pand Peck (1998)). Under the DC load flow
approximation, power flows obey the following properties:

(i) A unitary injection at some node k together with the corresponding with-
drawal at the swing node results in a flow Γmk on the line m.

(ii) Flows are additive: the combination of injections ik and i� from nodes
k and 	 respectively with corresponding withdrawals at the swing node
results in a flow Γmkik + Γm�i� on line m.

The elements of Γ are the power distribution factors. Using these properties
one can infer that a vector of nodal injections i results in a vector of flows
Γi on the lines. It is easy to see that one can convert a vector of bilateral
transactions ẽ into a vector ĩ of nodal injections and withdrawals by a matrix
S (̃i = Sẽ). Combining bilateral e and nodal i transactions we get the overall
vector of nodal injections and withdrawals Se + i. As is frequently done in
conceptual analysis of electricity transmission systems, we neglect thermal
losses. It is common in academic discussions (but not sufficient for practical
purposes) to only refer to thermal limits on the lines in order to represent the
constraints imposed by the network on transactions. These restrict the set of
feasible bilateral and nodal transactions by imposing that

−f ≤ Γ(Se+ i) ≤ f.

For the sake of simplicity in this paper, we shall only refer in the following to
the first part of these constraints namely

Γ(Se+ i) ≤ f (λ), (1)

As in the more standard optimization context, dual variables are associated to
constraints. We let λ be this vector of dual variables (we would have written
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λ+ and λ− in case both upper and lower bounds are imposed on the flows in
the lines).

Electrical networks are subject to line outages. Their importance for the
design of market mechanisms in transmission services has often been men-
tioned in the literature but their formal treatment remains limited. We intro-
duce contingencies by considering a set C of network topologies, together with
the power distribution factor matrices Γc and line capacities f c associated to
these contingencies. This leads to the additional set of network constraints
and dual variables

Γc(Se+ i) ≤ f
c (λc), c ∈ C. (2)

2.2 Nodal and flow gate organizations of transmission

It is well recognized that transmission prices must include an allowance for
both the fixed cost of the network and congestion charges. For the sake of
simplification, we leave the discussion of the former for further work and con-
centrate on the latter. All references to transmission charges are thus meant
to be before any allowance for the fixed costs of the network.

For the sake of this discussion, we consider that alternative designs of
transmission markets are limited to the nodal and flow gate models. By def-
inition, the nodal prices of electricity (or spot prices as they were initially
introduced in Schweppe et al. (1988)) are the prices of the commodity at each
node. Transmission in the nodal system is defined as a service that allows
a marketer to inject at some node and withdraw at another. The marketer
does not need to be concerned with the effective use of the network that this
transaction requires. Transmission prices are defined as differences between
nodal prices. In other words, a marketer trading between nodes 1 and 3 pays
as transmission price the difference between the prices at these nodes. Trans-
mission services can be defined as obligations or options. This distinction,
although quite relevant in practice, is left out in most of this paper in order
to simplify the discussion (it is briefly alluded to in Section 6.4 and in the
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conclusion). We therefore consider that all nodal transmission services are
obligations (we shall make a similar assumption for the flow gate services de-
fined below): a transmission service allows and requires a marketer to inject
and withdraw as planned. It is the role of the ISOs to insure that the set of
transactions does not violate the capacity of the network.

A flow-gate is any transmission resource deemed of limited capacity. In the
original interpretation (Chao and Peck (1996)), flow-gates are physical line ca-
pacities, such as in the example, the capacities of the lines 1–6 and 2–5 in both
the directions I–II and II–I respectively. The flow gate approach unbundles
transmission services from node to node into uses of line capacities. Transmis-
sion services in the flow gate model allow a marketer to use a flow gate in some
direction. Marketers must procure these services in amounts directly related
to their energy transactions. These amounts are computed on the basis of the
power distribution factors. Using the power distribution factors, a node to
hub transaction is accordingly decomposed into uses of line capacities. The
price of the service can thus be computed from the prices of line capacities.
Some differences and similarities between the nodal and flow gate approaches
can already be pointed out here by observing that dual variables λ on line
constraints (1) can be interpreted as prices of line capacities while λΓ gives a
vector of nodal prices. This interpretation applies to each contingency c: λc

designates the vector of line values in contingency c while λcΓc is the vector of
nodal prices in that contingency. Again, transmission services in the flow gate
model can be distinguished as obligations or options but we stick to the inter-
pretation in terms of obligations: a transmission service allows and requires a
marketer to use the flow gates as planned.

Flow-gates can also be defined in a more abstract way as for instance
the transmission capacity between zones I and II even though it is not clear
that this extension is intended in the current flow gate proposal (Chao et al
(2000)). Referring to the European context, ETSO proposals (ETSO (2000))
are based on the notion of transmission capacity and hence on this extended
interpretation of flow gates. This more abstract concept is thus relevant for
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policy discussion purposes and we accordingly refer to it as extended flow
gate or transmission capacity. It is well recognized (including by ETSO itself)
that transmission capacities do not have any direct physical meaning . This
is not in itself a serious drawback if transmission capacities can be defined
in a univoque way and adequately represent the constraints imposed by the
transmission network on transactions. But these two conditions are the very
issue of the debate and hence the subject of this paper.

2.3 Variational inequality formulation

Variational inequalities provide a very convenient tool to formalize alterna-
tive organizations of restructured electricity systems (Daxhelet and Smeers
(2000)). This formalism is well developed in mathematical programming
(Harker and Pang (1990)). It is not yet common in the restructuring lit-
erature even though the number of papers based on variational inequalities or
complementarity formulations is increasing (Hobbs (2001), Kempfert (2000),
Rivier et al (2000), ...). We therefore give a brief intuitive introduction to the
use of variational inequalities in the context of this paper together with some
assumptions that underlie all our discussion. We first introduce the following
important simplifying assumption:

Assumption 1 There is no market power and no asymmetry of information.

The assumption implies that prices are given and known to all agents;
agents cannot modify them. Also prices are equal to marginal production
cost at generation nodes and to marginal utilities at consumption nodes. This
also implies that the prices of electricity at the different nodes are fully de-
termined by the set of bilateral and nodal transactions. Specifically the price
at a consumption node is equal to p(q) where q is the consumption at that
node resulting from e and i, and p(q) is the demand function at that node. A
similar interpretation applies to the price at a generation node. Let e∗ and i∗

be vectors of bilateral and nodal transactions. Let p∗ be the associated vector
of nodal prices; p∗h is the price at the hub (here node 6). A transaction e∗k�
results in a settlement (p∗� − p∗k)e

∗
k�. Changing from a transaction e∗k� to ek�
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implies a cost (p∗k − p∗� )(ek� − e∗k�).

Consider now the set of transactions e∗I . Define the vector of margins
−LI(e∗, i∗) (L for losses) accruing to marketer I because of these transactions,
−LI(e∗, i∗) is the vector of the (p∗k − p∗� ) associated to the components e∗k� of
e∗I . Changing from e∗I to eI implies a loss LI(e∗, i∗)(eI − e∗I) for marketer I. A
similar notation can be used to model the costs/profits accruing from nodal
transactions. Changing from injection/withdrawal i∗k to ik at node k with equal
withdrawal/injection at the hub (node 6) implies a loss (p∗k−p∗h)(ik−i∗k). Intro-
ducing −OI(e∗, i∗) as the vector of nodal margins accruing to (nodal) marketer
I, a change from i∗I to iI implies a loss OI(e∗, i∗)(iI − i∗I) for marketer I.

The following assumption insures the existence of a solution to almost all
models appearing in the paper.

Assumption 2 The set of nodal and bilateral transactions is compact. The
mappings LI , LII , OI , OII are monotone.

Compactness is a very mild assumption in this problem (Daxhelet and
Smeers (2000)). It suffices for the rest of this paper to note that the as-
sumption, together with standard results from variational inequality theory
imply the existence of a solution to almost all models formulated in this paper
(Problem XII is an exception). Monotonicity of the mappings Lτ and Oτ ,
τ = I, II, results from the monotonicity of the supply and demand functions.
It is an (important) technical assumption but it should not bother the reader.

Standard economics assumes that agents behave so as to maximize their
profit or surplus or minimize their cost. Suppose first that there are no trans-
mission constraint or charge. Then, a marketer τ would seek a set of transac-
tions e∗τ such that any deviation from this set would imply a loss. This can be
expressed as
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Problem O.1

Seek e∗τ ≥ 0 such that

Lτ (e∗, i∗)(eτ − eτ∗) ≥ 0 for all eτ ≥ 0, τ = I, II. (3)

The same can be stated for a marketer τ who trades through the hub. She
would seek the set of transactions i∗τ such that any deviation from this set
would lead to a loss. This can be expressed as

Problem O.2

Seek i∗τ such that

Oτ (e∗, i∗)(iτ − iτ∗) ≥ 0 for all iτ , τ = I, II. (4)

As discussed above the network is not a copper plate and congestion restricts
these behaviours. Network constraints impose limitations on transactions and
hence need to be priced. The following section introduces the representation of
these limitations and their impact on the above behavioural relations. Before
getting into this discussion it is useful to briefly close the reminder of these
introductory notions by some remarks on the incompleteness of the power
market.

2.4 Incompleteness of power markets

Market incompleteness arises when the market of some good or service is
missing. A market may be missing in a deterministic world when a particular
service or good is not traded. This happens for instance when transmission
services are not traded. Missing markets may also appear in an uncertain
world when some risks are not traded, or, in other terms, when tradable as-
sets are not sufficiently diversified to span all risks. This happens for instance
when there does not exist securities to hedge the risk of a line failure. We
respectively, and somewhat arbitrarily, refer to these missing markets as phys-
ical and financial and talk about physical and financial market incompleteness.
Market incompleteness may make it impossible to arrive at Pareto optimality.
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Even though real markets are never fully complete, this is generally not seen
as a real concern. But the issue may be more serious in electricity. Wilson
(1999) argues that electricity markets are inherently incomplete: electricity
cannot be stored and it is currently impossible to establish a real time market
that will balance price sensitive electricity supply and demand. This does not
imply that consumption and generation are not equal at each moment of time.
They must, for physical reason be equal, but this equality is the result of the
real time action of a dispatcher and automatic generation control equipment,
not of a market. This lack of instantaneous market for trading a non storable
product is a first and irreducible source of market incompleteness in electric-
ity. Because real time markets cannot be implemented with current technol-
ogy, alternatives need to be created to introduce the competition intended
by the restructuring process. These take the form of ex ante forward mar-
kets and/or ex post computation of prices for settlement purposes. These will
never be perfect substitutes to real time markets, but they are the best we can
achieve with current technology. But these alternative markets do not emerge
spontaneously (Hogan (2000a)): they need to be explicitly created and failure
to design them properly may further add to the inherent incompleness of the
power market. The task is not trivial, as the numerous variants of restructured
power systems show. Electricity is indeed a complex product consisting of a
commodity (energy) bundled with various services, some of which of a contin-
uous nature (reserve) and none of them having a value when separated from
energy. These services can be unbundled and traded separately. Alternatively,
they can remain bundled with energy provided the price of the bundle fully
accounts for the value of these services. Market incompleteness increases if the
markets of these services are not explicitly (through unbundling) or implicitly
(through proper pricing in energy) created by the restructuring process. The
more markets are missing, the higher the risk that the restructuring ends up
in chaos. We check for market incompleteness through a simple criterion that
also signals failure to reach Pareto optimality. Specifically the market will be
referred to as physically incomplete whenever the analysis reveals that some
products or services are valued differently by different agents in a deterministic
world. The market will be financially incomplete in an uncertain world when
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there are not enough financial instruments to trade all risk factors so that the
willingness to pay to get rid of risk may be different to different agents in some
states of the world.

3 The market for transmission services

3.1 No market for transmission services

It is convenient to illustrate our approach to physical market incompleteness
in restructured electricity systems by considering the case of the most grossly
incomplete organization, namely one where the market for transmission ser-
vices is missing. The situation is not totally unrealistic. Specifically ETSO’s
first proposal (ETSO (2000)) was to grant access to cross border transmis-
sion capacity on the basis of priority rules, possibly without any reference
to economic valuation. This proposal was formally rejected by the European
Electricity industry (EURELECTRIC) but it reappears in disguised form as
a byproduct of other ETSO proposals (Boucher and Smeers (2001)). Non
economic principles for allocating transmission services also underly the load
relief protocol implemented by NERC in the US (Cadwalader et al (1999)).
The situation can be modeled as follows.

Consider a forward energy market where marketers I and II trade bilat-
erally (Section 2.1). At equilibrium, marketer I seeks to optimize her position
given the actions of marketer II. Similarly marketer II optimizes her position
given the actions of marketer I. Limiting ourselves for the time being to a
market composed of these two agents, the situation can be formalized by the
following problem.

Problem I

Seek e∗ ≥ 0 s.t. ΓS(e∗I + e∗II) ≤ f satisfying

LI(e∗)(eI − e∗I) ≥ 0 ∀ eI ≥ 0 s.t ΓS(eI + e∗I) ≤ f

and

LII(e∗)(eII − e∗II) ≥ 0 ∀ eII ≥ 0 s.t ΓS(e∗I + eII) ≤ f.
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These relations represent the behaviours of marketers I and II respectively.
It is easy to show that Problem I is equivalent to

Problem II

Seek e∗ ≥ 0 s.t. ΓS(e∗I + e∗II) ≤ f satisfying

LI(e∗)(eI − e∗I) + LII(e∗)(eII − e∗II) ≥ 0 ∀ e ≥ 0
s.t ΓS(eI + e∗II) ≤ f (λI)

ΓS(e∗I + eII) ≤ f (λII)

(5)

This is a quasi variational inequality problem (Harker (1991)). An analy-
sis of this model is given in Daxhelet and Smeers (2000) and Boucher and
Smeers (2000)). In short, there exist multiple solutions to this problem and
it is impossible to a priori ascertain which one the market will select. The
notion of Social Equilibrium elaborated in Debreu (1952) provides an inter-
pretation of that solution. This interpretation is in terms of generalized Nash
equilibria (Rosen (1965)) when there is market power. In more directly inter-
pretable terms, there exists a set of dual variables to the constraints one for
each marketer (λI and λII), and these dual variables are not necessarily equal
at equilibrium. The price of transmission services, whether defined in flow
gate (λ) or nodal (λΓ) terms do not necessarily equalize for the two marketers
because there is no market to equalize them. At equilibrium, a marketer may
thus benefit from the entirety of transmission services even if these have little
value for her while the other marketer cannot access transmissions services
even if she values them highly. This situation is elaborated in the following
proposition.

Proposition 1 e∗ ≥ 0 is a solution to Problem II iff there exists λ∗I , λ
∗
II both

nonnegative such that

[LI(e∗) + λ∗IΓS] (eI − e∗I) ≥ 0 ∀ eI ≥ 0
[LII(e∗) + λ∗IIΓS] (eII − e∗II) ≥ 0 ∀ eII ≥ 0
λ∗I [f − ΓS(e∗I + e∗II)] = 0, λ∗II [f − ΓS(e∗I + e∗II)] = 0

(6)

Under Assumption 2, there always exists a solution to Problem II. This so-
lution is generally not unique.
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Proof: See appendix.

It appears from this proposition that each marketer optimizes her posi-
tion after respectively paying λ∗IΓSe

∗
I and λIIΓSe∗II for transmission services.

These payments can be interpreted as flow gate prices (λ∗I , λ
∗
II) or nodal prices

(λ∗IΓ, λ
∗
IIΓ). The source of market incompleteness lies in the fact that the

marginal willingness to pay for transmission services is not necessarily equal
for the two marketers (λ∗I �= λ∗II ;λ

∗
IΓ �= λ∗IIΓ) because there is no market to

equalize them.

3.2 Introduce a market for transmission services

Market incompleteness in the above situation is due to the absence of a market
where marketers can trade transmission services. This situation is progres-
sively becoming of pedagogical interest though. It is now well recognized, at
least in principle, that an energy market without an explicit (where transmis-
sion services are effectively defined and traded separately) or implicit (where
transmission services are priced on the basis of energy prices) market for trans-
mission services is not viable. Even though the diagnostic is becoming clear,
the cure is not always well accepted. Its principle is simple: one needs to re-
move incompleteness by introducing a market that will equalize the marginal
value of transmission services for all marketers. This is easy to do in theory,
if not in practice. Mathematically, it suffices to replace the quasi variational
Problem II by the following variational inequality problem.

Problem III

Seek e∗ ≥ 0 s.t. ΓS(e∗I + e∗II) ≤ f satisfying

LI(e∗)(eI − e∗I) + LII(e∗)(eII − e∗II) ≥ 0 ∀ e ≥ 0
s.t. ΓS(eI + eII) ≤ f. (λ)

(7)

Standard variational inequality theory (Harker and Pang (1990)) can be
used to show that, under Assumption 2, Problem III has a solution (see
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Daxhelet and Smeers (2000)), and that, for each solution e∗ to Problem III

there exists λ∗ such that

(Lτ (e∗) + λ∗ΓS)(eτ − e∗τ ) ≥ 0, ∀ eτ ≥ 0, τ = I, II

λ∗ ≥ 0, f − ΓS(e∗I + e∗II) ≥ 0, λ∗[f − ΓS(e∗I + e∗II)] = 0.
(8)

The first condition of (8) only differs from (3) by the introduction of conges-
tion fees λ∗ΓS. As we discuss below it differs from (6) by the fact that this
congestion fee is unique for the two marketers.

The solution to Problem III can be interpreted in flow gate and nodal
terms. Consider the flow gate first. Line utilizations are the traded services
if one follows the interpretation of Chao and Peck (1996) and the flow gate
model (Chao et al (2000)). There is now a market that insures that the price
paid by the two marketers for the use of a unitary amount of line capacity
is equal. Point to point services are the relevant services in Hogan’s nodal
system (Hogan (1992), Harvey et al (1997)). The equality of the price of line
services implies that both marketers see the same difference of nodal prices
between two locations when they trade in the nodal system. The market is
thus physically complete whether in flow gate or nodal terms.

The second part of relation (8) deserves additional comments. In flow gate
terms it says that the use of a line at equilibrium maximizes the revenue ac-
cruing from pricing the line capacity services at λ∗ (Chao and Peck (1996)). In
the nodal interpretation it says that the use of the network resulting from in-
jections and withdrawals maximizes the value of the grid capacity when nodal
injection and withdrawal rights are priced at λ∗Γ (Hogan (1992)). These state-
ments can most naturally be interpreted by introducing new agents, namely
the owner(s) of the transmission system and their behavior. This is com-
monly done in optimization form and accompanied by a corollary usually re-
ferred to as the revenue adequacy (Hogan (1992)). These notions are restated
below. Their proof in the variational inequalities context can be found in
Daxhelet and Smeers (2000) (Proposition 8 in that paper).
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Proposition 2
Flow gate interpretation. Let f∗ = ΓSe∗ be the flow derived from the solution e∗

to Problem III. We have for each flow f� compatible with the thermal limits
of the line

−λ∗� (f� − f∗� ) ≥ 0. (9)

Nodal interpretation. Let e∗ be the solution to Problem III and p∗ = λ∗Γ be
the nodal prices associated to λ∗. We have for all network feasible transaction
vectors e

−p∗S(e− e∗) ≥ 0 for all e ≥ 0 s.t. ΓSe ≤ f. (10)

The economic interpretation of this proposition is important. Not only
does Problem III introduce a market that is absent from Problem II: it also
introduces infrastructure owners who provide the services traded in that mar-
ket. The interpretation of the proposition in terms of revenue adequacy is
also important: it says that if the owner of an infrastructure (whether the
grid or a line) collects the value of this infrastructure at the equilibrium prices
and quantity, then this agent can pay for any alternative feasible use of this
infrastructure.

The nodal and flow gate models are clearly equivalent under Assumptions
1 and 2. Divergences appear as soon as one comes to the design of insti-
tutions that implement these organizations. The nodal system is currently
implemented in PJM and New York and reported to work well (e.g. Palmeri
(2001)). In contrast, the flow gate system is not implemented but it is dis-
cussed in relation to restructuring of transmission in California. The nodal
system is often criticized for its alleged complexity. A discussion of the di-
chotony between what appears complex ex ante (before implementation) and
how complex things may turn out ex post (after implementation, taking all
remedies into account) is beyond the scope of this paper. But complaints about
excessive complexity even arise in smoothly running systems like PJM (e.g.
Hanger (2000)). Referring to the European situation, the alleged complex-
ity of the nodal system has also been mentioned and the need for something
“simpler” advocated. ETSO accordingly proposed to design the access to cross
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border lines on the basis of a to be defined notion of transmission capacity.
We introduced this transmission capacity as a sort of extended flow gate in
Section 2.2 but did not get into details. It is to a deeper discussion of this
extended flow gate/transmission capacity that we now turn.

4 Flow gate, extended flow gates and transmission

capacities

4.1 Marketers want “transmission capacities”

The concept of a transmission capacity has been around for some time without
an operational definition of it being proposed. Similarly ETSO builds its
proposals on this notion but does not refer to any implementable definition.
Our goal is to formally define a concept of transmission capacity that can be
used to physically complete the market. This is done as follows. Let wp be a
vector of positive weights of line capacities (here w1−6, w2−5). A transmission
capacity or an extended flow gate is an aggregate network constraint

{e | wpΓe ≤ wpf}. (11)

First note that a transmission capacity defined according to (11) is a relaxation
of the full network constraint set (1). Second, because there are different ways
to relax the constraint set (1), one can define many transmission capacities by
selecting different vectors wp. The relevant question is whether there exists
a small set of transmission capacities that adequately represents the network
in the sense that trading transmission services defined on the basis of these
transmission capacities suffices to physically complete the market . In order
to explore this question consider the following variational inequality problem.

Problem IV

Seek e∗ ≥ 0 s.t. (wΓ)S(e∗I + e∗II) ≤ (wf) satisfying

LI(e∗)(eI − e∗I) + LII(e∗)(eII − e∗II) ≥ 0, ∀ e ≥ 0
s.t. (wΓ)S(eI + eII) ≤ wf.

(12)
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Under Assumption 2, there exists a solution to this variational inequality
problem and for each such solution e∗ there exists at least one ξ∗ such that

[Lτ (e∗) + ξ∗(wΓ)S] (eτ − e∗τ ) ≥ 0, ∀ eτ ≥ 0, τ = I, II

ξ∗ ≥ 0, wf − (wΓ)Se∗ ≥ 0, ξ∗[wf − (wΓ)Se∗] = 0.
(13)

It is clear that conditions (13) are equivalent to conditions (8) if ξ∗w = λ∗,
ξ∗ = 1 and one somehow insures that f − ΓSe∗ ≥ 0. Leaving aside this
latter condition for the time being (it is handled in the next subsection) a
solution to (13) is achieved by a market that trades reservations on a newly
defined transmission capacity λ∗f , using newly defined PDF, Γ∗ = λ∗Γ. At
equilibrium the price of this transmission capacity is equal to 1. Assuming
that f − ΓSe∗ ≥ 0, the outcome of the market is equivalent to the nodal or
flow gate system and hence the market is physically complete. But this out-
come requires that the transmission capacity be defined appropriately, that is
through weights w proportional to λ∗. In practice, this condition requires to
construct the transmission capacity (the extended flow gate) at the same time
as the market proceeds to find the λ∗.

A transmission capacity is thus a weighted sum of certain line capacities
and the power distribution factors of this transmission capacity are constructed
as aggregate PDF of the lines. A transmission capacity is thus a physical fic-
tion. This needs not be a serious concern for power marketers who want to
trade energy without being bothered by the intricacies of the electrical grid.
The virtual nature of the network should not deter the ISOs either. Elec-
trical engineers are indeed accustomed to aggregate networks or “equivalent
network”. The aggregation process is different but the idea of dealing with a
computationally equivalent network is similar.

4.2 Who will construct the “transmission capacity”? The

ISOs

The above discussion only involved power marketers operating in a forward
market. It left out the question of insuring the network feasibility of the trans-
mission services that emerge from trading transmission capacities. This latter
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issue, as well as the assembling of the transmission capacities themselves re-
quires the involvment of the ISOs. Consider again the two control area system
of Figure 1 and assume that the two nodal marketers introduced in Section 2.1
are assigned the role of ISOs. They can procure energy services (injections and
withdrawals) at the different nodes of the grid in order to insure the network
feasibility of the commercial transactions concluded by the two bilateral mar-
keters. There are thus two ISOs, one for each zone, who can buy and sell
energy in both zones in order to fulfill their mission. The interaction of these
four agents is modelled by the following variational inequality problem.

Problem V

Seek (e∗, i∗), e∗ ≥ 0 s.t. Γ(Se∗ + i∗) ≤ f satisfying

LI(e∗, i∗)(eI − e∗I) + LII(e∗, i∗)(eII − e∗II) +OI(e∗, i∗)(iI − i∗I)
+OII(e∗, i∗)(iII − i∗II) ≥ 0
for all (e, i), e ≥ 0 s.t. Γ(Se+ i) ≤ f

(14)

Applying the same argument as before, one can state the following.

Proposition 3 Under Assumption 2, there exists a solution (e∗, i∗) to Prob-
lem V . To each solution (e∗, i∗) one can associate at least a λ∗ such that

[Lτ (e∗, i∗) + (λ∗Γ)S] (eτ − e∗τ ) ≥ 0, ∀eτ ≥ 0, τ = I, II

[Oτ (e∗, i∗) + λ∗Γ] (iτ − i∗τ ) ≥ 0 τ = I, II

λ∗ ≥ 0, f − Γ(Se∗ + i∗) ≥ 0, λ∗[f − Γ(Se∗ + i∗)] = 0.

(15)

Proof: See appendix.

In order to interpret relations (15), suppose that the marketers only want
to trade transmission capacities without being bothered by the details of the
network. The ISOs, whose job is to deal with the intricacies of the grid can be
put in charge of both assembling and auctioning these transmission capacities
and insuring the feasibility of the transactions of the marketers. This creates
a dual view of the network (ISO/marketers) to which we will constantly refer
in the following. We further characterize the respective roles of the two types
of agent in the following.
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4.2.1 The marketers

At equilibrium, marketers only see an aggregate transmission capacity λ∗f .
They require aggregate transmission services using the aggregate PDF, Γ∗ =
λ∗Γ. At equilibrium the aggregate transmission capacity has a unitary price.
This is expressed by rewritting the first relation of (15) as

[Lτ (e∗, i∗) + 1Γ∗S] (eτ − e∗τ ) ≥ 0, ∀eτ ≥ 0, τ = I, II (16)

4.2.2 The ISOs

Adding the two relations of the second line of (15) for τ = I and II, the
behaviour of the ISO’s is given by

[OI(e∗, i∗) + λ∗Γ](iI − i∗I) + [OII(e∗, i∗) + λ∗Γ](iII − i∗II) ≥ 0. (17)

We have because of the third relation of (15)

λ∗Γ(i∗I + i∗II) = λ∗f − λ∗ΓS(e∗I + e∗II)
λ∗Γ(iI + iII) ≤ λ∗f − λ∗ΓS(eI + eII).

(18)

which leads to the following proposition.

Proposition 4 Let (e∗, i∗) be a solution to Problem V and an associated λ∗.
(e∗, i∗), λ∗ also satisfies

OI(e∗, i∗)(iI − i∗I) +OII(e∗, i∗)(iII − i∗II)
−λ∗ΓS[(eI + eII)− (e∗I + e∗II)] ≥ 0

or
OI(e∗, i∗)(iI − i∗I) +OII(e∗, i∗)(iII − i∗II)
−Γ∗S[(eI + eII)− (e∗I + e∗II)] ≥ 0

(19)

for all eI , eII ≥ 0 and all iI , iII .

Proof: See appendix.

The interpretation of this latter condition is straightforward. The ISOs act-
ing together procure energy services i (countertrading) in order to assemble or
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“manufacture” a transmission capacity that they sell to the marketers. The
total amount of transmission capacity sold to the marketers is λ∗[f−Γ(i∗I+i∗II)]
and the PDF of this transmission capacity are given by Γ∗ = λ∗Γ.

This organization is compatible with the language of ETSO even though
it is not certain that it is what the European System Operators had in mind.
Although this organization is not clearly articulated by the proponents of the
flow-gate model (Chao et al (2000)), it also appears compatible with their
writing if one accepts that flow gate are no longer physically defined and may
change through time. Hogan (2000b) demonstrates that line contingencies
cannot be accommodated in a pure constant physical flow gate world. It thus
seems reasonable to accept an extension of the original flow gate view that
requires event contingent (here through event contingent λ) flow gates. We
accordingly refer to this extended interpretation of flow gates as aggregate or
extended flow gates.

The above discussion is conducted under the extreme view that only a sin-
gle aggregate flow gate (λ∗f, λ∗Γ) needs to be computed. This simplifies the
notation (one does not need to introduce a set of flow gates) without restrict-
ing the generality of the argument. It should be clear (and it is quite easy to
show) that any set of aggregate or pure flow gates (wf,wΓ) can be traded.
Multiple flow gates are unnecessary from a theoretical point of view: a single
transmission capacity (λ∗f, λ∗Γ) suffices to complete the forward transmission
market. But several flow gates will be needed in practice to achieve this result
in case the w are only approximations of the λ∗. We do not get into this
discussion any more deeply. In order to simplify the rest of the presentation,
we limit ourselves to transmission markets which trade a single aggregate flow
gate.

The above interpretation requires that ISOs be allowed to play a commer-
cial role as “assemblers” or “manufactures” of transmission capacities. The
idea that ISOs can intervene in the market is common. It is an essential
element of the nodal system and one of the alleged defects invoked by its
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opponents. Wilson (1997) recognizes that ISOs could engage in insurance ac-
tivities to cover the damages caused by outages in the network. A limited
commercial role of the ISOs has also been accepted by the proponents to the
flow gate model. This is exemplified by Chao and Peck (1998) who argue that
the ISO should procure line services in order to secure reliability. Relations
(19) model a new role, independent of reliability, that gives the ISO the capa-
bility to define and modify transmission capacities in order to reflect the use
and status of the network. Changing transmission capacities are a fact of life
to which marketers should be prepared. In fact their demand for transmission
capacities simpler to deal with than nodal prices implies that these capacities
are changing. Experimenting with the construction of aggregate transmission
capacities may reveal that some weights used to define aggregate flow gates
are relatively constant through time. This would make it possible to define
approximate transmission capacities that can be announced well in advance.
Needless to say divergence between ex ante announced and real time trans-
mission capacities will always exist and this will require a resolution in real
time. It may also be possible that sufficiently robust weights cannot be found
because the real time value of line capacities is changing too dramatically. The
current debate among proponents of the flow gate and nodal models shows that
the issue is largely unresolved. What is clear however, is that any proposal
for using fixed aggregate capacities needs to be accompanied by remedies to
accommodate these divergences between ex ante and real time transmission
capacities. The proponents of the flow gate model recommend to go to the
spot market to resolve this divergence. We turn to this question in Section 6
after first extending the current discussion to security constrained dispatch.

5 The security constrained dispatch

The difficulty of a priori defining a few relevant, commercially important, and
constant through time flow gates has been pointed out by Hogan (2000b)
and Ruff (2000). We here turn to one of their major arguments, namely
that the need for a security constrained dispatch makes it impossible to limit
oneself to a few commercially significant flow-gates, let alone to identify them
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in advance. The argument goes as follows: for security reasons, ISOs restrict
energy transactions to those that remain feasible under different contingencies.
This is usually done by only accepting transactions that satisfy constraints
representing these different contingencies. The importance of the argument
has been pointed out numerically in Boucher et al (1998). We take up the issue
of security constrained dispatch and successively consider two cases depending
on whether corrective actions after an incident are allowed or not.

5.1 Version 1: No endogenous corrective action

Consider first the case without corrective actions: transactions accepted by
the ISOs must remain feasible for the network in case each one of a set of
contingencies occurs. The question addressed in this section is whether the
notion of aggregate transmission capacities and their construction by ISOs
that is, the dual ISO/marketer view of the network, carries through to this
more complex situation. In order to explore the issue consider the following
variational inequality problem

Problem VI

Let c ∈ C be the states of the network associated to the relevant contingencies.
Seek (e∗, i∗), e∗ ≥ 0 s.t. Γc(Se∗ + i∗) ≤ f

c
, c ∈ C, satisfying

LI(e∗, i∗)(eI − e∗I) + LII(e∗, i∗)(eII − e∗II) +OI(e∗, i∗)(iI − i∗II)
+OII(e∗, i∗)(iII − i∗II) ≥ 0

for all (e, i), e ≥ 0 satisfying Γc(Se+ i) ≤ f
c, c ∈ C.

The following proposition extends previous statements of Section 4.

Proposition 5 Under Assumption 2, there exists at least one solution (e∗, i∗)
to Problem V I. To each solution (e∗, i∗) one can associate at least one vector
of dual variables λc∗, c ∈ C, such that

(Lτ (e∗, i∗) +
∑
c λ

c∗ΓcS)(eτ − e∗τ ) ≥ 0, ∀eτ ≥ 0, τ = I, II

(Oτ (e∗, i∗) +
∑
c λ

c∗Γc)(iτ − i∗τ ) ≥ 0, ∀iτ , τ = I, II

λc∗ ≥ 0, f c − Γc(Se∗ + i∗) ≥ 0, λc∗[f c − Γc(Se∗ + i∗)] = 0, c ∈ C.
(20)
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Proof: See appendix.

Proposition 5 can be directly interpreted in the dual ISO/marketer context.
ISOs deal with nodal injections/withdrawals and contingent line capacities and
PDFs. They assemble them to construct and auction the firm extended flow
gate in amount

∑
c λ

c∗(f c − Γci∗). Marketers only see and trade the firm
aggregate flow gate. The price of the extended flow gate is equal for all agents
in the market which is therefore physically complete. In order to complete
their mission ISOs trade in the energy and transmission markets.

5.2 Version 2: With endogenous corrective actions

We now turn to the case where corrective actions are possible after the inci-
dent. This implies that the ISOs have managed to procure optional resources
allowing them some recourse after an incident. These services are physical
options traded on an ancillary service market. They are not our concern here
where we simply assume that the markets that price these physical options ex-
ist (see Daxhelet and Smeers (2001) for a modeling of these markets). The set
of acceptable transactions is thus larger than the domain of those transactions
that remain feasible under the listed set of incidents without corrective action.
The situation is modeled through the following variational inequality problem.

Problem VII

Seek (e∗, (ic∗, c ∈ C)), e∗ ≥ 0, s.t. Γc(Se∗ + ic∗) ≤ f
c
, c ∈ C satisfying

LI(e∗, i∗)(eI − e∗I) + LII(e∗, i∗)(eII − e∗II) +
∑
c [OI(e∗, ic∗)(icI − ic∗I )+

OII(e∗, ic∗)(icII − ic∗II)] ≥ 0
(21)

for all (e, (ic, c ∈ C)), e ≥ 0 s.t Γc(Se+ ic) ≤ f
c
, c ∈ C.

This problem satisfies the following proposition:

Proposition 6 Under Assumption 2, there exists at least one solution (e∗, i∗)
where i∗ = (ic∗, c ∈ C) to Problem V II. To each solution (e∗, i∗) one can
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associate at least one vector of dual variables λc∗, c ∈ C, such that

(Lτ (e∗, i∗) +
∑
c λ

c∗ΓcS)(eτ − e∗τ ) ≥ 0, ∀eτ ≥ 0, τ = I, II

(Oτ (e∗, ic∗) +
∑
c λ

c∗Γc)(icτ − ic∗τ ) ≥ 0, ∀iτ , τ = I, II, c ∈ C
λc∗ ≥ 0, f c − Γc(Se∗ + ie∗) ≥ 0, λc∗[f c − Γc(Se∗ + ic∗)] = 0, c ∈ C

(22)

Proof: See appendix.

The dual ISO/marketer view of the network applies as before. It again insures
market completeness through the auctioning of a single aggregate flow gate in
amount

∑
c λ

c∗(f c − Γcic∗).

5.3 Comments

Whether we deal with a priori exogenously specified or ex post endogenously
determined corrective actions, the behaviour of the marketers (first relation of
(20) and first relation of (22)) can be written as

[Lτ (e∗, i∗) + 1Γ∗S] (eτ − e∗τ ) ≥ 0, ∀eτ ≥ 0, τ = I, II (23)

where Γ∗ =
∑
c λ

c∗Γc. This extension of (16) expresses that marketers only see
a single aggregate transmission capacity. The price of this aggregate flow gate
is equal to 1 for both the marketers and the ISOs.

To discuss the role of the ISOs, consider the more complex case with re-
course actions. The behaviour of the ISOs is represented by

[OI(e∗, ic∗) + λc∗Γc](icI − ic∗I ) + [OII(e∗, ic∗) + λc∗Γc](icII − ic∗II) ≥ 0, c ∈ C
(24)

This means that the ISOs anticipate their corrective actions for each c ∈ C.
We have, because of the third relation of (22),

λc∗Γc(ic∗I + ic∗II) = λc∗f
c − λc∗ΓcS(e∗I + e∗II)

λc∗Γc(icI + icII) ≤ λc∗f − λc∗ΓcS(eI + eII)
(25)

which leads to the following proposition.
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Proposition 7 Let (e∗, i∗) and λ∗ ≥ 0 be a solution to Problem V together
with an associated λ∗. (e∗, i∗) also satisfies

∑
cOI(e

∗, i∗)(icI − ic∗I ) +OII(e∗, i∗)(icII − ic∗II)
−∑

c λ
c∗ΓcS[(eI + eII)− (e∗I + e∗II)] ≥ 0

or ∑
cOI(e

∗, i∗)(icI − ic∗I ) +OII(e∗, i∗)(icII − ic∗II)
−Γ∗S[(eI + eII)− (e∗I + e∗II)] ≥ 0

(26)

for all eI , eII ≥ 0.

Proof: The proof follows from the above discussion.

This proposition extends the interpretation of the role of the ISOs already
given in Proposition 4. ISOs acting together procure optional services ic (con-
tingent countertrading) in order to assemble or “manufacture” a transmis-
sion capacity that they auction to the marketers. The existence of these op-
tional services enlarge the set of feasible firm transmission capacity. The total
amount of transmission capacity auctionned to marketers is

∑
c λ

c∗(f c−Γcic∗)
and the PDF of this transmission capacity is Γ∗ =

∑
λc∗Γc.

The above discussion only shows the existence of aggregate flow gates or
transmission capacities. It does not provide an algorithm for constructing
them. Recall that a single aggregate flow gate will suffice in theory. In prac-
tice we need more flow gates if these are to be defined and auctionned well in
advance. In principle, the more (extended) flow gates, the better for market
completeness. The theoretical importance of introducing at least one aggre-
gate flow gate is obvious. Without aggregate flow gates, market completeness
requires that all contingent line capacities be traded. With aggregate flow
gates, it suffices that a sufficient large set of a priori defined non physical flow
gates be traded.

This discussion somewhat delineates the value of the argument that se-
curity constraint dispatch is incompatible with the flow gate approach. The
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restrictions imposed by the security constrained dispatch can indeed be accom-
modated in a dual ISO/marketer view provided the ISOs properly assemble
aggregate transmission capacities that are then traded on the market. Needless
to say this dual view only makes practical sense if the aggregate transmission
capacities are sufficiently stable through time. The problem is that different
views are held about this stability as shown by the arguments expressed in
the Oren/Ruff debate (http://www.stanford.edu/group/EMF/meet). The is-
sue has not been systematically researched and hence remains largely open at
this stage. An answer would certainly constitute an important piece of infor-
mation in the debate between proponents of the flow gate and nodal models
in the US. But this piece of information is vital for the European system
that is supposed to be entirely based on the notion of transmission capacities.
There seems to be no alternative to numerically testing the stability of the
transmission capacities in different contexts and under different assumptions.

6 Settlement of transmission services on the spot

market

The above discussion is conducted with respect to the forward energy and
transmission markets. Specifically we only looked at completeness of the for-
ward market. The ever changing nature of electricity renders deviations from
transactions concluded in the forward market unavoidable. Demand will not
be as expected and generators and lines may default with the result that ISOs
will have to reconfigure their system. Because of these uncertainties both the
nodal and flow gate models foresee that transmission services be eventually
settled in the spot market. We disregard here any distinction between real
time spot and ex post computed prices and assimilate the latter to the for-
mer. We accordingly work under the assumption that energy and transmission
transactions are concluded in the forward market and settled in the spot mar-
ket in both the nodal and flow gate models. Our task in this section is to
extend the dual ISO/marketers view of the network to this duality of markets.
We do this by considering the two-stage framework depicted in Figure 2.
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Figure 2 The two stage framework

In this framework, energy and transmission contracts are concluded in the first
stage (stage 0) which represents the forward market. They are then settled in
each state of the world c ∈ C of the second stage (stage 1) after information
on contingencies has been revealed. This represents the spot market. This
two-stage framework can be traced to both the fields of stochastic program-
ming in mathematical programming (e.g. Birge and Louveaux (1997)) and to
introductions to finance theory (e.g. chapter 1 of Duffie (1996)). This section
combines the two lines of reasoning.

The standard interpretation of the two stage model in finance is that in-
vestors assemble a portfolio of tradable assets in stage 0 while the payoffs from
this portfolio accrue in stage 1. In the particular context of transmission across
control areas, marketers acquire physical or financial transmission rights in the
forward market. Speculators only acquire financial rights. In real time, ISOs
take over all transmission resources and operate the system so as to meet the
constraints of the network. In order to do so, they may exert physical options

28



procured before. As a by-product of their action, they also compute ex post
electricity spot prices that are used to settle transmission services and devia-
tions from energy transactions. This organization can be formalized as follows.

Assume that the behaviour of a marketer τ is driven by a utility function
Uτ (x0

τ , (x
c
τ , c ∈ C)) where xcτ is the payoff collected by the marketer τ in state

of the world c and x0
τ is the payoff collected at stage 0. U is not necessarily

an expected utility function (in fact there is no probability in the statement of
the problem); it suffices that it is strictly concave and includes the argument
xcτ for each state of the world c. Let αcτ be the marginal utility of marketer
τ in state of the world c (by assumption αcτ > 0). We assume without loss
of generality and in order to simplify the discussion that the marginal utility
α0
τ of marketer τ in stage 0 is equal to one. Because energy and transmission

prices are entirely determined by the e and ic in this model, αcτ can always be
expressed as a function of these variables only. Let Lcτ (e, i

c) be, as before, the
marginal opportunity cost due to energy settlement of marketer τ in state c

(Lcτ (e, i
c) may be independent of c in case the energy transaction is perfectly

hedged). Were it not for transmission the behaviour of marketer τ would be
driven by her marginal utility

∑
c∈C

αcτ (e, i
c)Lcτ (e, i

c) (27)

Transmission is priced on the spot market: let λc∗ be the vector of spot values
of lines used in state c. The marginal utility of trader τ after paying for both
energy and transmission is equal to

∑
c∈C

αcτ (e, i
c)(Lcτ (e, i) + λcΓcS) (28)

Given this background we now successively model the spot and forward
markets.

6.1 The spot market (second stage of the equilibrium)

Consider the following set of problems (one problem for each c ∈ C).

29



Problem VIII2,c

Given e∗, seek ic∗ s.t. Γc(Se∗ + ic∗) ≤ f
c satisfying

Oc
I(e
∗, ic∗)(icI − ic∗I ) +Oc

II(e
∗, ic∗)(icII − ic∗II) ≥ 0 (29)

for all ic s.t. Γc(Se∗ + ic) ≤ f
c.

As already argued several times before, Assumption 2 guarantees that each
Problem V III2,c has a solution ic∗. Moreover, for each such solution ic∗, there
exists at least one λc∗ that satisfies

λc∗ ≥ 0, λc∗[f c − Γc(Se∗ + ic∗)] = 0. (30)

Problem V III2,c assumes that the injections/withdrawals ic∗ of the ISOs
clear the market in real time. This assumption is far from trivial but it is
directly inspired by current movements in the market. Efforts are currently
underway on the East Coast to arrive at a single spot market operated by
PJM, NEPOOL and NYPP (Stavros (2000)). This type of organization is
only possible if there exists a balancing market accross the different control
areas. It assumes that an equilibrium is reached on this balancing market.
Procedures for attaining this equilibrium across different systems in interaction
are discussed in Cadwalader et al. (1999). The following proposition may help
liaise this equilibrim interpretation to the more ad hoc computation of ex post
prices that is effectively implemented as a substitute to real time market. We
assimilate spot and balancing markets in the following.

Proposition 8 Let ic∗ be the solution to Problem V III2,c in state of the world
c. ic∗ is also the solution of a full re-optimization of the dispatch by all ISOs
operating jointly.

Proof: See appendix.

This well known result, here applied to the sole spot market, says that this
joint optimization simulates a balancing market in equilibrium. It also justi-
fies a joint optimization of the system by all ISOs in order to both efficiently
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manage differences between the forward and real time market and produce
spot prices that can be used to settle those differences. One may wonder
about the outcome of the spot market when the joint equilibrium cannot be
implemented. In order to explore this situation, consider the case where each
ISO tries to resolve the congestion problem through his own means. In order
to do so we introduce the set of quasi variational inequality problems.

Problem IX2,c

Seek ic∗ s.t. Γc(Se∗ + ic∗) ≤ f
c satisfying

Oc
I(e
∗, ic∗)(icI − ic∗I ) +Oc

II(e
∗, ic∗)(icII − ic∗II) ≥ 0

for all icI , i
c
II s.t.

Γc(Se∗ + ic∗I + icII) ≤ f
c

Γc(Se∗ + icI + ic∗II) ≤ f
c
.

(31)

Reproducing the reasoning of Section 3.1 one can show that there exists a
solution to this problem. Moreover to each such solution one can associate
multipliers λc∗I , λc∗II ≥ 0 such that

λc∗I [f c − Γc(Se∗ + ic∗I + ic∗II)] = 0
λc∗II [f

c − Γc(Se∗ + ic∗ + ic∗II)] = 0.
(32)

We can state the following proposition.

Proposition 9 Let ic∗, c ∈ C be a solution to Problem IX2,c. It is also a
solution to a pair of optimization problems where each ISO tries to relieve
congestion at its own minimal cost, given the actions of the other ISO. This
solution does not correspond to a full re-optimization of the dispatch nor to an
equilibrium of the spot market. There are many such solutions.

Proof: See appendix.

Problem IX2,c and Proposition 9 are stated with reference to the six
nodes/two zones examples. In this example, refraining from global optimiza-
tion by the ISOs amounts to resorting to a pair of single ISO actions. It
should be clear that Proposition 9 can be extended to more general situations
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than the two control areas allowed by the six node example. It can indeed
be adapted to a multi (> 2) control area context where single, bilateral or
multilateral actions by ISOs take place. A particular relevant example is the
one of a bilateral action by two ISOs controlling the two sides of a congestion
in a multi (> 2) control area system. What this extended proposition would
say is that anything that is not a joint optimization will not be an equilibrium
of the spot market. Moreover, there will be many solutions of this type that
are not equilibria of the spot market.

The non unicity of the solution to Problem IX2,c and its associated non
optimality may be claimed to be irrelevant in practice. It is indeed often ar-
gued that the re-optimization of the dispatch involved in nodal prices systems
only results in small costs and hence is not important. This view is mislead-
ing: the cost of an optimally operated system may be small, while the cost
of not operating it optimally may be quite high. This is especially true when
this non optimal operation is associated with perserve incentives to game the
system. Besides this non optimality, a key issue for the design of the market is
that the partial reoptimization approach does not lead to a single set of spot
prices and hence makes it impossible to settle transmission services through
spot prices. Specifically, for each particular solution to Problem IX2,c, each
ISO (or group of ISOs in a more general context) will produce different spot
prices. This indicates that the market is physically incomplete whenever ISOs
only engage in non global actions. The only possible outcome in reaction to
this absence of spot prices is to socialize costs or to allocate them to agents
that are arbitrarily defined as responsible for them. These approaches are
bound to result in economically unjustified allocation of re-dispatching costs
and possibly in perverse incentives to game the system.

A minimal condition for achieving a (possibly imperfect) equilibrium on the
spot market is that this latter exists. It is remarkable that the existence of a
balancing and hence of a spot market is not mentioned in ETSO proposals (the
European Electric Industry pointed to this very serious flaw). In the absence
of this spot or balancing market, ETSO can only recommend cooperation
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between ISOs to relieve congestion. Full cooperation is a possibility but ETSO
also accepts partial reoptimization by subgroups of ISOs. This combines all
defects: there is no spot price to settle transmission transactions, and no
guarantee of redispatch optimality. This will result in high costs and perverse
incentives.

6.2 The forward market (first stage of the equilibrium)

Using the marginal utilities defined in the introduction to this section, we as-
sume that marketers select their portfolio of transmission rights in the forward
market so as to satisfy the following variational inequality:

Given expectations on the λc∗, c ∈ C, marketer τ seeks e∗τ ≥ 0 s.t.{∑
c

αcτ [L
c
τ (e
∗, ic∗) + λc∗ΓcS]

}
(eτ − e∗τ ) ≥ 0 for all eτ ≥ 0. (33)

These conditions can easily be rewritten as{∑
c

[αcτL
c
τ (e
∗, ic∗) + λ

′c∗
τ ΓcS]

}
(eτ − e∗τ ) ≥ 0, for all eτ ≥ 0,

where λ
′c∗
τ = αcτλ

c∗ and hence

λ
′c∗
τ ≥ 0, f

c − Γc(Se∗ + ie∗) ≥ 0, λ
′c∗
τ [f c − Γc(Se∗ + ic∗)] = 0. (34)

Except for the case where αcI = αcII ,
∑
c λ
′c∗
I Γc is not equal to

∑
c λ
′c∗
II Γc. The

market is therefore physically incomplete. Something additional is needed to
complete it. We consider the two solutions most commonly proposed in the
literature namely to auction transmission capacities in the forward market
(physical rights) or to introduce a financial market for these rights.

6.3 Completing the market

6.3.1 Auction transmission capacities

The auctioning of transmission capacities, whether defined in nodal or flow
gate terms, is either proposed or already in existence in most restructured
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systems. In the US, PJM and NY auction financial transmission rights. At-
tempts to auction transmission capacities are also beginning in Europe. As
before, we assume that ISOs assemble the transmission capacities or extended
flow gates and auction them. As argued before, this assumption is compat-
ible with the flow gate proposal (Chao and Peck (1996), Chao et al (2000))
provided one accepts that flow gates do not necessarily correspond to fixed
physical capacities and are in fact extended flow gates. We model the situa-
tion through the following variational principle that we interpret later.

6.3.1.1. Mathematical formulation

Problem X

Seek (e∗, (ic∗, c ∈ C)), e∗ ≥ 0 s.t. Γc(Se∗ + ic∗) ≤ f
c satisfying

[∑
c

αcIL
c
I(e
∗, ic∗)

]
(eI − e∗I) +

[∑
c

αcIIL
c
II(e

∗, ic∗)

]
(eII − e∗II)

+
∑
c

[Oc
I(e
∗, ic∗)(icI − ic∗I ) +Oc

II(e
∗, ic∗)(icII − ic∗II)] ≥ 0

(35)

for all (e, (ic, c ∈ C)), e ≥ 0 s.t. Γc(Se+ ic) ≤ f
c
, c ∈ C.

Assumption 2 again guarantees the existence of a solution (e∗, (ic∗, c ∈ C))
to Problem X. Moreover to each solution, one can associate at least one vector
of λc∗ ≥ 0, c ∈ C such that

[
∑
c α

c
τL

c
τ (e
∗, i∗c) +

∑
c λ

c∗ΓcS] (eτ − e∗τ ) ≥ 0, for all eτ ≥ 0, τ = I, II

[Oc
τ (e
∗, i∗τ ) + λc∗Γc] (icτ − ic∗τ ) ≥ 0 for all icτ , c ∈ C, τ = I, II

f
c − Γc(Se∗ + i∗) ≥ 0, λc∗

[
f
c − Γc(Se∗ + i∗)

]
= 0,

(36)
The first line of (36) can be interpreted as follows. Marketers pay

∑
c λ

c∗Γ∗Se∗

at stage 0 for transmission services. This payment is accounted for with a
unitary marginal utility (recall that we assumed α0

τ = 1). Marketers then
incur an additional payment Lcτ (e

∗, ic∗)e∗ when energy transactions are set-
tled.

∑
c λ

c∗ΓcS can thus be interpreted as the vector of present transmission
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prices (at stage 0) on the forward market. Because both marketers see the
same price of transmission capacities in this forward market, the market is
physically complete.

The role of the ISOs in the forward market can be described on the basis of
the second line of (36). The ic∗ of the solution (e∗, (ic∗, c ∈ C)) to Problem X

satisfies ∑
c

∑
τ

[Oc
τ (e
∗, i∗τ ) + λc∗Γc] (icτ − ic∗τ ) ≥ 0, for all icτ (37)

Noting from the third line of (36) that

λc∗Γcic∗τ = λc∗f
c − λc∗ΓcSe∗, c ∈ C

and that from (35)

λc∗Γcicτ ≤ λc∗f
c − λc∗ΓcSe, c ∈ C

we obtain the following variational inequality

∑
c

∑
τ

Oc
τ (e
∗, ic∗)(icτ−ic∗τ )−(

∑
c

λc∗ΓcS)(e−e∗) ≥ 0, ∀ e ≥ 0, ∀icτ , c ∈ C. (38)

This says that the ISOs maximize the profit accruing from selling transmis-
sion rights e∗ and buying the energy services ic∗ in each state of the world c

in order to assemble these rights.

6.3.1.2. Discussion

It remains to cast the auctionned transmission services both in nodal and
flow gate terms. The solution to Problem X is directly interpretable in nodal
point to point services. ISOs sell bilateral transmission services e∗ that they
charge at nodal forward price (

∑
c λ

c∗ΓcS) differences. For this they buy nodal
injection/withdrawal services ic∗ that they pay at nodal spot prices. Consider
now the flow gate version of the model. One can think of at least two inter-
pretations. One is to auction lines capacities contingent on the state of the

35



world. This would result in contingent prices λc∗. As argued by both the pro-
ponents and opponents of the flow gate model, this is too complex. The second
interpretation is to auction non physical flow gate constructed through an ag-
gregation process. This is expressed by relation (38) in which ISOs “assemble”
a non contingent extended flow gate in amount (

∑
c λ

c∗ΓcS)e∗ by buying con-
tingent line and generation services (these latter are not represented in this
model). They then auction the extended flow gate capacity to marketers. This
interpretation complies with the dual ISO/marketer view of the network: (i)
marketers see aggregate flow gates (e.g. one flow gate of capacity

∑
c λ

c∗ΓcSe∗

of unitary price that they request according to aggregate PDF
∑
c λ

c∗Γc) (ii)
system operators see line capacities in different contingencies and take care
of these contingencies to produce a firm aggregate flow gate. As before, we
adopted the extreme view that one only needs a single aggregate flow gate.
This is notationally convenient but purely conceptual. The practical issue is
whether a small number of firm aggregate flow gates or transmission capacities
can be reasonably defined in advance and remain sufficiently stable.

The nodal and flow gate interpretations both assume that one auctions
transmission capacities that remain feasible for all contingencies envisaged by
the ISOs. This is akin to Hogan (2000b) and Ruff (2000) argument that nodal
prices are determined in a security constrained dispatch (Section 5) and that
flow gates should also be defined to account for these security constraints. This
is also related to the issue of revenue adequacy that is extensively discussed
in Hogan (2000b). Note that the constraints of (35) guarantee that any trans-
mission service procured in the forward market remains feasible in the spot
market. This insures revenue adequacy: the congestion charges collected in
the spot market are higher than the payment at spot prices of any other bun-
dle of feasible transmission contracts inherited from the forward market. In
contrast, a revenue defficiency may arise when the allocation of node to node
services inherited from the forward auction is not feasible in real time. This
defficiency does not arise in this model because all real time constraints are
anticipated by the ISOs in the forward market. The solution to Problem X

therefore allows one to generalize the revenue adequacy property of Hogan
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(1992). But this generalization only holds because one assumes that the ISOs
envisage the whole set of possible contingencies in the forward market. This
assumption is standard in finance models where one supposes that all agents
foresee the same set of states of the world, possibly with different estimates of
their likelihood. The assumption may be heroic here. If it is not satisfied, the
ISOs may found themselves managing real time contingencies different from
those envisaged in the forward market. Revenue adequacy may then fail to be
satisfied (see Hogan (2000b)).

As a last remark we note that the above interpretation is in terms of
physical contracts, whether for the nodal or flow gate model. The bilateral
contracts e∗ negotiated by the marketers, for which they have obtained trans-
mission rights in the auction can indeed be completed in real time. We now
turn to an other version of the model where financial products are introduced
as an alternative tool for managing transmission services.

6.3.2 Introduce a financial market

The nodal and flow gate models expose marketers to the same transmission
risk, namely contingent differences of nodal prices. An extensively discussed
issue is whether both systems can offer the same hedges against this risk.
Hedging instruments take the form of financial derivatives (forward, options
of various types). We hereby introduce forward nodal and flow gate contracts
but leave out options contracts for the sake of simplicity.

6.3.2.1. Mathematical formulation

In order to define nodal and flow gate contracts, consider an arbitrary state
of the network represented by the matrix of power distribution factors Γ0. For
any nonnegative vector λ0 of line values, λ0Γ0 is a vector of nodal prices. To
each node we associate a contract, that gives as payoff in state of the world
c the component of λc∗Γc associated to that node. This contract requires an
upfront payment equal to the corresponding component of λ0Γ0 in stage 0. A
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portfolio of these contracts is noted by θ. As is common in finance models
we also assume a risk free asset. In order to simplify the presentation, and
because of the short horizon covered by this two stage model, we suppose a
zero interest rate. The risk free asset thus has a unitary value both in stage 0
and in all states of the world c at stage 1. Because there is a financial market,
we permit speculators who are not involved in energy or transmission services
to also trade these nodal contracts.

Financial contracts introduce a new good in the economy which now trades
energy, transmission services and financial transmission contracts. This re-
quires an adaptation of our representation of marketers. These were modeled
by a utility function Uτ (x0

τ , (x
c
τ , c ∈ C)) where xcτ is the payoff from the set-

tlement of energy and transmission transactions in state c. They will now be
represented by the utility function Uτ ((x0

τ + y0
τ ), ((x

c
τ + ycτ ), c ∈ C)) where y0

τ

and ycτ are the revenue accruing from financial contracts. The marginal utili-
ties are still noted αcτ but now depend on e, i and y that is αcτ (e, i, (y

c
τ , c ∈ C)).

Speculators are also represented by a utility function V (z0, (zc, c ∈ C)) where
z0 and zc respectively denote the revenue accruing to speculators from their
trading of financial transmission contracts. We note δ the portfolio of the
contracts held by a speculator and βc(e, i, z0, (zc, c ∈ C)) his marginal utility
in state of world c (β0(e, i, z0, (zc, c ∈ C)) = 1). For the sake of simplicity in
the presentation, we only assume a single speculator. Given this extended set
up, a marketer’s position in energy and transmission contracts is a solution to
the following variational inequality problem:

Problem XI

Seek e∗τ ≥ 0, θ∗ satisfying

∑
c α

c
τ [Lcτ (e

∗, ic∗) + λc∗ΓcS] (eτ − e∗τ )
+

(
λ0∗Γ0 −∑

c α
c
τλ

c∗Γc
)
(θτ − θ∗τ ) ≥ 0

for all eτ ≥ 0, θτ , τ = I, II.

(39)

The speculator’s position is a solution to
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Problem XIbis

Seek δ∗ satisfying

(λ0∗Γ0 −
∑
c

βcλc∗Γc)(δ − δ∗) ≥ 0 for all δ.

The term (λ0∗Γ0 −∑
c α

c
τλ

c∗Γc) appearing in (39) is the contribution to
the utility of marketer τ accruing from her trading financial transmission con-
tracts. It can be explained as follows: λ0∗Γ0θ∗τ is the upfront payment for the
portfolio of contracts θ∗τ , and is accounted for with unitary marginal utility.
λc∗Γcθ∗τ is the payment accruing from this portfolio of contracts in state of the
world c. It is accounted for with marginal utility αcτ . Together, these addi-
tional terms express that marketer τ takes a position θ∗τ in financial contracts
such that any deviation θτ from θ∗τ can only deteriorate her position. A similar
interpretation holds for the speculator.

Finance models commonly rely on a no arbitrage assumption. In this
two stage model, the no arbitrage assumption states that it is impossible at
equilibrium to find a portfolio of nodal contracts θ that brings a positive profit
in certain states c of stage 1 without investing a positive amount in stage 0.
In other words, there does not exist any portfolio θ such that λ0∗Γ0θ ≤ 0 and
λc∗Γcθ ≥ 0 for all c with λc∗Γcθ > 0 for at least one c. The no arbitrage
assumption is at the origin of valuation methods based on so called “risk
neutral probability”. These notions are used in the following lemma.

Lemma 1 A solution to Problem XI satisfies

λ0∗Γ0 =
∑
c

αcτλ
c∗Γc;λ0∗Γ0 =

∑
c

βcλc∗Γc. (40)

Moreover, under the no arbitrage assumption, there exists at least one “risk
neutral probability” such that

λ0∗Γ0 =
∑
c∈C

πc(λc∗Γc);πc > 0, c ∈ C;
∑
c∈C

πc = 1. (41)

Proof: See below.
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The first statement of the lemma is a direct consequence of condition
(39). It says that marketer τ takes a position θ∗τ in financial transmission
contracts that results in initial and contingent payments y0∗

τ = λ0∗Γ0θ∗τ and
yc∗τ = λc∗Γcθ∗τ . These payments equalize the first and second stage marginal
utilities of the marketer. The second statement of the lemma depends on the
existence of a risk free asset and on the no arbitrage assumption; it is an ap-
plication of the first fundamental theorem of finance theory (e.g. Chapter 1,
Duffie (1996)).

Suppose that the θ∗τ and δ∗ exist and satisfy a balance condition θ∗I +θ∗II +
δ∗ = 0 on the financial market. Using Lemma 1, one can restate the behaviour
of marketer τ as obeying the following variational principle.

Seek e∗τ ≥ 0 satisfying
∑
c

[
αcτL

c
τ (e
∗
τ , i

c∗) + λ0∗Γ0S
]
(eτ − e∗τ ) ≥ 0 for all eτ ≥ 0. (42)

The interpretation of relation (42) is as follows. Marketer τ pays an up-
front cost λ0∗Γ0Se∗τ for transmission services. This is accounted for with a
unitary marginal utility. She also incurs the settlement of energy transactions
Lcτ (e

∗
τ , i

c∗) at stage 1 in state c. These are accounted with marginal utility αcτ .
Marketers all pay the same price, λ0∗Γ0S, for transmission services. These
prices are established in the financial market in stage 0. The market is thus
physically complete.

This formulation allows one to recover the perfect hedging property put
forward in Hogan (2000b) and Ruff (2000). It says that marketers may, if
they so wish, perfectly hedge transmission price risk by covering their energy
position by nodal forward contracts. As argued in Hogan (2000b) and Ruff
(2000) this property allows for changes of PDF because the nodal contracts
are entirely defined in terms of the nodal prices λ0Γ0 and λcΓc . Marketers do
not have to bother about the network topology and the associated PDFs Γ0

and Γc that prevail in the forward and real time markets.
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Relation (42) only provides an intuitive interpretation of the impact of the
financial market. A more rigourous formalization of the situation is given by
the generalized complementarity Problem XII constructed after adding the
additional constraints (40) and (41) to the complementary reformulation of
Problem X. In order to correctly interpret Problem XII, recall that αcτ now
depends on an additional vector θτ and that finding this vector is part of the
statement of the problem.

Problem XII

Seek (e∗, (ic∗, c ∈ C)); λ0∗; (λc∗ ≥ 0, c ∈ C); yc∗τ = λc∗Γcθ∗τ , c ∈ C, τ = I, II;
ξc∗ ≥ 1, c ∈ C s.t. Γc(Se∗ + ic∗) ≤ f

c , c ∈ C, satisfying[∑
c

αcτ (Lcτ (e
∗, i∗c) + λc∗ΓcS)

]
≥ 0 τ = I, II (43)

[∑
c

αcτ (Lcτ (e
∗, i∗c) + λc∗ΓcS)

]
e∗τ = 0 τ = I, II (44)

[Oc
τ (e
∗, i∗c) + λc∗Γc] ≥ 0, c ∈ C, τ = I, II (45)

[Oc
τ (e
∗, i∗c) + λc∗Γc] ic∗ = 0, c ∈ C, τ = I, II (46)

λc∗
[
f
c − Γc(Se∗ + i∗)

]
= 0, c ∈ C (47)

λ0∗Γ0 =
∑
c α

c
τλ

c∗Γc, τ = I, II

(
∑
c∈C ξ

c∗)λ0∗Γ0 =
∑
c∈C ξ

c∗λc∗Γc,
(48)

The constraints (48) added to Problem X force Problem XII to satisfy the
conditions (40) and (41) implied by the existence of the financial transmission
market. They drastically complicate the analysis of ProblemXII. Specifically,
it becomes almost impossible to easily derive any statement about existence
and uniqueness of a solution. We do not try to prove that Problem XII has a
solution but simply assume one. Under this assumption we have the following
proposition.

Proposition 10 Let (e∗, (ic∗, c ∈ C)) be part of a solution to Problem XII

(assume there exists one). It is also a solution to Problem X after an initial
endowment yc∗τ , c ∈ C, generated by the trading of financial contracts has been
given to the marketer τ , τ = I, II.
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Proof: See appendix.
One should note that the solutions to Problems X and XII differ by the

initial contingent endowments that accrue from the positions taken on the
financial market. At the solution to Problem XII, marketer τ indeed pays
λ0∗Γ0θ∗τ in stage zero and receives λc∗Γcθ∗τ in state c of stage 1. These endow-
ments which are absent from Problem X modify the marginal utilities and
hence the final equilibrium on the market.

Financial markets are defined as complete or incomplete (Duffie (1996)).
A financially complete market is one where the number of traded financial
assets allows one to construct a portfolio θ that can reproduce any vector of
contingent payoff pc, c ∈ C. In our context:

Definition 1 The market of financial transmission contracts is complete iff
there always exists a portfolio θ (of initial up front cost λ0∗Γ0θ) such that

λc∗Γcθ = pc, c ∈ C (49)

for any vector (pc, c ∈ C).

Complete markets imply the unicity of risk neutral probabilities. This
is the second fundamental result of finance theory (Duffie (1996)). We fur-
ther elaborate on the completeness of the financial transmission contracts in
Section 6.3.3. At this stage we simply state the following lemma.

Lemma 2 Suppose the market of financial transmission contracts is complete.
Then the risk neutral probability is unique and

ηπc = αcτ , c ∈ C, τ = I, II. (50)

where η is a normalization factor.

Proof: See Appendix.

According to Lemma 2, the completeness of financial transmission con-
tracts implies the equality of the marginal utilities of the marketers in each
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state of the world (relation (50)). This is interpreted by saying that marketers
can, together with the speculators, trade the risk that they incur in the dif-
ferent states of the world. This makes it possible for the market to achieve
Pareto optimality. In the usual interpretation of finance, πc is the normalized
price of risk in state c. It thus makes sense to define the electricity market
as financially complete if the financial transmission contracts are sufficiently
diversified to insure that (50) is satisfied. It is indeed only under this condition
that the market is Pareto efficient.

The following proposition characterizes the solution of the regional trans-
mission problem when the electricity market is financially complete.

Proposition 11 Suppose that the market of financial transmission contracts
is complete. Then there exists a unique vector of risk neutral probabilities
πc > 0,

∑
c π

c = 1 such that the outcome e∗, λ0∗Γ0 of the market is the solution
to Problem XIII defined below.

Proof: See appendix.

Problem XIII

Seek (e∗, (ic∗, c ∈ C)), e∗ ≥ 0 s.t. Γc(Se∗ + ic∗) ≤ f
c, c ∈ C, satisfying[∑

c

πcLcI(e
∗, ic∗)

]
(eI − e∗I) +

[∑
c

πcLcII(e
∗, ic∗)

]
(eII − e∗II)

+
∑
c

[Oc
I(e
∗, ic∗)(icI − ic∗I ) +Oc

II(e
∗, ic∗)(icII − ic∗II)] ≥ 0

(51)

for all (e, (ic, c ∈ C)), e ≥ 0 s.t. Γc(Se+ ic) ≤ f
c
, c ∈ C.

6.3.2.2. Discussion

The above discussion is entirely conducted in nodal terms (λ0Γ0 and λc Γc).
In order to move to the flow gate interpretation, note that the PDF matrix
Γ0 was only used so far as an intermediate tool for constructing a vector λ0Γ0

of nodal prices. Any other choice of λ0 and Γ0 that results in the same λ0Γ0
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would be as good. The situation is different in the flow gate model where
contracts are based on line capacities associated to a well defined topology.
λ0 and Γ0 are separate constituents that both intervene to specify a flow gate
transmission contract. In other words the network topology at stage 0 and
hence Γ0 matters. We now examine the financial market associated to the flow
gate model. Assume that the relevant contracts are defined in stage 0 on the
basis of a given network topology and the associated PDF matrix Γ0. A finan-
cial contract in the flow gate model gives a payoff λc for a unitary line capacity
in state of the world c when the line is up. The payoff when the line is down is
not defined in Chao et al (2000). We therefore complete the definition of these
authors by specifying that the contract on a line pays 0 when this line is down.

Because flow gate transmission contracts are different from nodal ones,
the marketer’s problems need to be revisited. This is done in the following
problem.

Problem XIV

Seek e∗τ ≥ 0, θ∗ satisfying

∑
c

αcτ [Lcτ (e
∗, ic∗) + λc∗ΓcS] (eτ − e∗τ ) +

(
λ0∗ −

∑
c

αcτλ
c∗

)
(θτ − θ∗τ ) ≥ 0 (52)

for all eτ ≥ 0, θ.

A Problem XIV bis analoguous to Problem XIbis is defined for the spec-
ulators.

Lemma 3 is the analogous of Lemma 1 and states

Lemma 3 A solution to Problem XIV satisfies

λ0∗ =
∑
c

αcτλ
c∗. (53)

Moreover, under the no arbitrage assumption, there exists at least one risk
neutral probability such that

λ0∗ =
∑
c∈C

πcλc∗; πc > 0, c ∈ C;
∑
c∈C

πc = 1. (54)
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Again, the first statement is a direct consequence of condition (52) while
the second statement of the lemma depends on the existence of a risk free asset
and the no arbitrage assumption. In contrast with nodal contracts it is not
clear how relations (53) and (54) allow one to derive a unique price of trans-
mission services in stage 0. Specifically, relations (53) and (54) do not imply
the equality of

∑
c α

c
τλ

c∗Γc for τ = I and II. This can easily be understood by
considering the hedging capabilities of the flow gate transmission contracts.
One can indeed easily see that a market that only trades line contracts does
not allow marketers to fully hedge their transmission risk when the lines are
subject to contingencies. This is stated in the following proposition.

Proposition 12 Consider a portfolio Γ0Se of flow gate contracts associated
to energy forward transactions e. The uncovered transmission risk in state c is
equal to λc(Γ0−Γc)Se. This risk vanishes when there are no line contingencies.

Proof: See appendix.

It appears that transmission risks cannot be fully hedged by the sole finan-
cial flow gate contracts, except when there are no contingencies. This implies
that, except for this case, we are unable to equalize the

∑
c α

c
τλ

c∗Γc of the dif-
ferent marketers. In consequence we are unable to find a unique transmission
price in stage 0. This makes the market physically incomplete.

A relevant question is whether this market incompleteness is sufficiently
important to make the flow gate model unpractical, and, if so, whether other
financial contracts will not be proposed to complete the market. Alternatively
because the residual risk is really a “volume risk” due to reconfiguration of
the network, one could envisage that this risk is covered by the ISOs (Chao
and Peck (1998), Wilson (1997)). In any case it would seem from this analysis
that the flow gate system suffers from hedging defects that the nodal system
does not have. As we discuss in the following section the situation is not as
clear cut.
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6.4 More on market completeness

The above discussion may clarify some of the statements of the proponents of
the nodal model. It is indeed ascertained that one of the major advantages of
the nodal system is that it allows for perfect hedging of transmission prices.
This certainly requires some condition: perfect hedging is only possible when
a sufficiently rich set of financial contracts exist. Specifically a marketer who
wants to hedge a transaction between two nodes cannot realistically do so if
the market of financial contracts between these two nodes does not exist or is
not sufficiently liquid. Absence of one of these conditions results in missing or
thin markets and hence leads to a physically incomplete transmission market.

As seen before perfect hedging requires an additional condition in the flow
gate model, namely that network contingencies are excluded. This is too harsh
to be realistic. Perfect hedging will thus never be possible. This phenomenon
has been pointed out by Hogan (2000b) and Ruff (2000). It is certainly a
disadvantage with respect to the nodal system but possibly not a too serious
one. As noted before, physical completeness in the nodal system is indeed only
guaranteed if there are enough traded financial transmission contracts. This
may also be a difficult condition to fulfill in practice. In any case incomplete
markets are commonly accommodated in the real world provided they are not
too damaging. It may be that the hedges provided by flow gate contracts
are sufficient. Similarly it may be that a subset of the theoretically strictly
necessary nodal contracts suffices. In fact we do not really know.

Even though the nodal model may exhibit advantages with respect to flow
gates when it comes to physically completing the market, it may be a surprise
to note that none of the above models and organizations will meet the finan-
cial completeness criterion. Indeed the auctionning of transmission services
insures the equality of transmission prices but not of the marginal utilities
of traders in different states of the world. Similarly it is unlikely that the
nodal and flow gate transmission financial contracts will be numerous enough
to achieve this equality. We may thus end up with the conclusion that none of
the proposed systems is powerful enough to financially complete the market.
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This implies that risk will always be handled in a non Pareto optimal way,
whether perfect hedging of transmission transactions is possible or not. This
raises the question of whether there is any hope to achieve financial complete-
ness and hence Pareto optimality. A further analysis of the risks involved may
shed some light on the issue.

Part of the attractiveness of the nodal model is that it aggregates all the
electricity risks of a bilateral transaction into one. In other words, market
risks such as demand and supply uncertainties as well as network risks such
as line defaults are aggretated into nodal price risk. But these risk factors
are distinct in the real world. Moreover, they are not of the same type. Typ-
ically a line risk is like a jump while daily demand uncertainties look more
like a diffusion. The flow gate model unbundles some of these risks but fails
to provide enough instruments to cover all of them. Interestingly the debate
has centered on which system would lead to the smallest number of tradable
instruments. The question is unanswered at this stage. But there is an other
question. Given the different packaging of risk hedges offered by the nodal and
flow gate models and the unequal coverage that they allow, will the market
prefer a system that offers full coverage of bundles of risks to one that provides
individual coverage of only some riks factors ?

This suggests an alternative perspective for looking at the nodal and flow
gate models. The objective of financial engineering is not necessarily to provide
the smallest possible set of instruments that cover global risks. Its aim is to
untangle risks factors and to re-bundles them in packages that are attractive
to agents operating in the market. In this sense derivative products that
offer perfect hedging may not necessarily be what the market wants most.
Electricity is a very volatile commodity with a lot of underlying risk factors.
Maybe a first question is to see the extent to which one can define elementary
derivative products that span each or at least sufficiently small subsets of these
risk factors. The next question would then be to re-bundle them in products
that the market may desire. The discussion about the optional nature of flow
gate versus nodal contracts, which has been systematically avoided in this
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paper is of immediate relevance in this context. It is a well-known property
that options can be used to complete markets that are initially (financially)
incomplete. This is done by introducing options with different strike prices.
The flow gate model has so far only introduced options with zero strike price.
It therefore did not take full advantage of the optional nature of the contracts
that it offers. An analysis of the capability of the flow gate contracts to
better span the domain of risk factors of the electricity market is beyond
the scope of this paper, but the following last property may shed some line
on what is at stake. We did indicate before that the flow gate model in
its current form offered inferior hedging properties compared to the nodal
system. Suppose that one is able to enlarge the set of instruments traded in
the market (for instance by offering flow gate contracts with non-zero strike
prices or equivalently with different priorities). Then the following result could
be of relevance.

Proposition 13 Suppose the market of financial flow gate contracts is com-
plete. Then the marginal utilities of the traders are equal in each state of
the world and the flow gate contracts allow full hedging of transmission risks.
Moreover the price for transmission paid by the marketers is equal in stage 0
and the market is physically complete.

Proof: See appendix.

The relevant question thus appears to identify which of the nodal or flow
gate, or of the combination of both models is the most capable of producing
the bundle of derivative products that the market wants most to trade the
numerous risk factors inherent to electricity.

7 Conclusions

The restructuring of electricity is certainly a difficult process. This should not
be a surprise. Electricity was painful to regulate; there is no reason to believe
that it can easily be deregulated. In short electricity is a difficult product. We
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here explore some of the questions arising in the design of regional transmis-
sion systems consisting of different control areas operating in interaction. This
problem is relevant both to the US and Europe. Our goal is to concentrate on
different degrees of market incompleteness that may be burried in proposals
of regional transmission system. Because the nodal and flow gate proposals
are the most structured proposals in presence, we conduct the discussion by
reference to these two models, with as background current proposals for the
organization of cross border trade in Europe. After recalling some basic no-
tions in Section 2, we compare in Section 3 an organization without market
of transmission services to one with transmission markets in nodal or flow
gate form. Even though the need for transmission markets is well accepted,
criticisms against the more formalized models persist. Specifically excessive
complexity is often invoked against the nodal system. The flow gate model is
an attempt to propose a “simpler” organization of the market for transmis-
sion services. Even this seems too complicated for the European Association of
Transmission Operators which keeps proposing to work with aggregate trans-
mission capacities. We therefore try to come up with a sound definition of
this notion. Needless to say a definition cannot waive the inherent complexity
of the network. But it can bundle some of this complexity into a set of tasks
that can be assigned to the ISOs. Section 4 therefore introduces the notion of
an aggregate or extended flow gate. This leads to a dual vue of the network:
marketers procure aggregate transmission capacities to conduct their energy
transactions and ISOs assemble these transmission capacities from line and
ancillary services. This maintains a physically complete market. The need to
conduct a security constrained dispatch has been argued against the flow gate
proposal. We show in Section 5 that our dual view of the market is robust
with respect to this criticism. Section 6 extends the previous discussion to
the situation where there exist both a forward and spot market. Energy and
transmission transactions are concluded in the forward market and settled in
the spot market. We analyze this organization in two ways. In the first ap-
proach, transmission capacities are initially auctionned in the forward market.
We show that physical market completeness is achieved both in the nodal and
flow gate models, provided the latter allows for aggregate flow gates. The
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second approach introduces financial transmission contracts. We show that
these physically complete the market in the nodal system but that the same
results can only be obtained under additional assumptions in the flow gate sys-
tem. Even though trading transmission capacities (whether through physical
or financial contracts) makes the market physically complete (possibly under
certain conditions), it does not allow the marketers to fully trade the risks that
they are subject to. Specifically the marginal utility of money of marketers can
still differ in the states of the world. The market is thus financially incomplete.

It may come to a surprise that financial completeness also seems difficult to
achieve with financial transmission contracts. The problem is that electricity
involves too many risk factors. Spanning the relevant uncertainty implies a
large set of derivative products that may not be immediately at hand. The
challenge therefore seems to be in identifying the right set of derivatives prod-
ucts that the market wants in order to trade risk. The flow gate model, because
of the natural optional character of the contracts that it defines seems better
fit in this respect but this certainly deserves more exploration. In any case
making the market of financial transmission contracts complete, whether we
are talking in nodal or flow gate restore the two models on a equal foot.

Appendix

Proof of Proposition 1. Relation (6) follows from Theorem 4 in Harker
(1991). The existence of a solution and the likely multiplicity of the solutions
are general results of quasi-variational inequalities found in the same paper.

Proof of Propositions 3, 4, 5 and 6. The proof of these propositions
results from the application of the extension of KKT conditions to variational
inequalities (Harker and Pang (1990)). Existence follows from Assumption 2.

Proof of Proposition 8. Define Oc(e∗, ic) = (Oc
I(e
∗, icI), O

c
II(e

∗, icII)). By
construction each component of Oc(e∗, ic) is either a nodal supply or demand
curve. Oc(e∗, ic) is thus integrable in the sense of Harker and Pang (1990) and
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its integral is the sum of the generation costs at generations nodes minus the
willingness to pay at consumption node. The solution to problem V III2,c is
thus also the solution to the optimization problem that maximizes this func-
tion subject to the network constraint Γc(Se∗ + ic) ≤ f

c.

Proof of Proposition 9. Problem IX2c is equivalent to the pair of problems.
Seek ic∗τ s.t. Γc(Se∗ + ic∗τ + ic∗τ ′ �=τ ) ≤ f

c satisfying

Oc
τ (e
∗, ic∗τ )(icτ − ic∗τ ) ≥ 0

for all icτ s.t. Γx(Se∗ + icτ + ic∗τ ′ �=τ ) ≤ f
c. Using the same reasoning as in the

proof of Proposition 8, each of these problems is equivalent to a single dispatch
optimization problem where each ISO tries to relieve congestion at minimal
cost. This obviously is not the same as both ISOs jointly minimizing costs to
relieve congestion. The multiplicity of solutions derives from the same appli-
cation of the results of Harker (1991) as the proof of Proposition 1.

Proof of Proposition 10. Note that (44), (45), (46), (47) constitue the com-
plementarity reformulation of (35) after adding the multipliers λc∗ (Harker and
Pang (1990)). (48) is the reformulation of (40) and (41) where ξc ≥ 1 is intro-
duced to insure that πc = ξc∑

c′
ξc
′ > 0.

Proof of Lemma 2. The uniqueness of the risk neutral probability is the
second fundamental result of finance (e.g. Duffie, 1996). The equality of αcτ
to Γc (up to some constant factor) derives from the equilibrium condition ob-
tained from marketers trading risks in a complete financial market.

Proof of Proposition 11. Completeness of the financial transmission con-
tracts implies that (48) in Problem XII is automatically insured by the finan-
cial market. Problem XII is then rewritten as
Seek (e∗, (ic∗, c ∈ C)), λ0∗, (λc∗ ≥ 0, c ∈ C), s.t. Γc(Se∗ + ic∗) ≤ f

c, c ∈ C

satisfying [∑
c

πc (Lcτ (e
∗, ic∗) + λc∗ΓcS)

]
≥ 0, τ = I, II
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[∑
c

πc (Lcτ (e
∗, i∗c) + λc∗ΓcS)

]
e∗τ = 0 τ = I, II

[Oc
τ (e
∗, i∗c) + λc∗Γc] ≥ 0, c ∈ C, τ = I, II

[Oc
τ (e
∗, i∗c) + λc∗Γc] ic∗ = 0, c ∈ C, τ = I, II

λc∗
[
f
c − Γc(Se∗ + i∗c)

]
= 0, c ∈ C.

These expressions are the complementarity form of Problem XIII after adding
the multipliers λ∗c (Harker and Pang (1990)) and multiplying the constraints
by πc.

Proof of Proposition 12. Let θ = Γ0 Se be the portfolio of financial flow
gate contracts subscribed to cover transaction e. In contingency c, this con-
tract pays λcΓ0Se while the transmission cost is λcΓcSe. Hence the result.

Proof of Proposition 13. Using the same reasoning as for nodal contracts
completeness of the financial transmission contracts implies a single risk neu-
tral probability such that ξπc = αcτ , τ = I, II, c ∈ C. This implies that∑
c α

c
τλ

c∗Γc is equal for both marketers and hence that they can fully hedge
the transmission risk in stage 0.
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