
5. Manufacturing of the traditional good contracts, since

Z =

�
L+

�x
1 + �x

K

�
� [1� � (pY )]

� � (1� �) � (pY )

) @Z

@�x
=

K

(1 + �x)L+ �xK
Z � (� + �� 1)Z �0 (pY )

[1� � (pY )]

@pY
@�x

> 0

As the technology of production does not change, this implies that employment in the
traditional sector declines.

6. Total manufacturing of intermediate inputs expands, since

X =
1

 x

L+ �xK

(1 + �x)

��� (pY )

� � (1� �) � (pY )
) @X

@�x
= � L�K

(1 + �x) (L+ �xK)
X+�X

�0 (pY )

� (pY )

@pY
@�x

< 0

7. Total output of the advanced �nal good expands

Y = n
1��
� X ) @Y

@�x
=
Y

X

@X

@�x
+
1� �

�

Y

n

@n

@�x
< 0

8. Total employment in manufacturing of intermediate inputs expands, since

Lx =  x (1 + �x)X �  x�xXU =

=
1

(1 + �x)

(
(� � 1) (1� �) � (pY )

� � (1� �) � (pY )

"
��

(��1)(1��)+

+ 1+�n
1+�x+(1+�n)�x

#
[(1 + �x)L+ �xK]� �xK

)

and therefore

@Lx
@�x

= � (� � 1) (1� �) � (pY )

(1 + �x) [� � (1� �) � (pY )]

"
�[1��(pY )]

(��1)(1��)�(pY )K + (�x��n)+(1+�n)�x
1+�x+(1+�n)�x

K+

+ (1+�n)
2[(1+�x)L+�xK]

[1+�x+(1+�n)�x]
2

#
+

+
� (� � 1) (1� �)

[� � (1� �) � (pY )]
2�

0 (pY )
@pY
@�x

< 0

9. Urban manufacturing of intermediate inputs contracts, since

XU =
1

(1 + �x) x
K � (1 + �n) n

(1 + �x) x
n

�
��1 ) @XU

@�x
= � �

� � 1
(1 + �n) n
(1 + �x) x

n
1

��1
@n

@�x
> 0

As the technology of production does not change, this implies that employment in
urban manufacturing declines.

10. Urban population increases, since

LU =
K + (�x � �n) nn

�
��1

1 + �x
) @LU

@�x
=

�

� � 1
(�x � �n) nn

1
��1

1 + �x

@n

@�x
< 0
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A.2 Proof of Proposition 3

The income of an innovator with productivity a is

y (a) = a� � wK�n

Thus for �n = 0, the income distribution of innovators follows a Pareto distribution with
shape � and minimum 1+wK dictated by the indi¤erence condition of the marginal innovator.
Recalling de�nition 6, the value of percentile p in a Pareto distribution with minimum 1+wK
is (1 + wK) (1� p)�

1
� .

If fraction � of the city population is employed in manufacturing and 1�� in innovation,
the value of percentile P � � of the urban income distribution is the homogeneous income
of manufacturing workers 1 + wK ; while percentile �P > � corresponds to percentile p =�
�P � �

�
= (1� �) of the income distribution of innovators. Thus their ratio is

� =

�
1� �

1� �P

� 1
�

) @R

@�x
= �1

�

�

1� �
R
@�

@�x
< 0

A.3 Proof of Proposition 4

When the city is completely specialized and the amount of innovation is �xed at �n, the
equilibrium is described by8>>>>>>>><>>>>>>>>:

� (pY ) =
pxX

pxX+Z

pY = �n
� 1��

� px
px =

1
�
 x (1 + �x)

�
��1 (1 + wK) n�n

�
��1 = (1� �) pxX

L =  n�n
�

��1 + (1 + �x) xX + Z

K =  n (1 + �n) �n
�

��1

which can be reduced to8>>>>>>>>>>><>>>>>>>>>>>:

px =
1
�
(1 + �x) x

pY =
1
�
(1 + �x) x�n

� 1��
�

X = ��
(��1)(1��)

(1+wK) n
(1+�x) x

�n
�

��1

Z = 1��(pY )
�(pY )

�
(��1)(1��) (1 + wK) n�n

�
��1h

1 + 1��(pY )
��(pY )

i
(1 + wK) =

(��1)(1��)
��

�
L

 n�n
�

��1
� 1
�

�n =
h

K
 n(1+�n)

i ��1
�

As �x falls below ��x, it straightforward that:

1. The amount of innovation is �xed at �n by the urban capacity constraint; employment
in the innovative sector and city population are likewise constrained.
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2. The relative price of di¤erentiated intermediates px declines.

3. The relative price of the advanced good pY declines, and therefore the the real income
of all agents increases.

4. The relative price of urban capital increases if and only if �0 (pY ) < 0, since

@wK
@pY

= ��
0 (pY )

� (pY )

1 + wK
1� (1� �) � (pY )

5. Output of the di¤erentiated intermediates X increases, and so does employment in
their production (1 + �x) xX, if and only if wK increases

Thus employment in the traditional sector and its output contract if and only if
�0 (pY ) < 0:

A.4 Proof of Proposition 5

When the marginal innovator has ability t, employment in innovation is

Ln = L [1� F (t)] = La�t��

and therefore knowledge spillovers are

S = (hLn)
� = h�L�a��t���

and the total amount of innovation is

n = L

Z 1

t

Saf (a) da = h�L1+�a(1+�)�
�

� � 1t
1�(1+�)�

For notational convenience, we capture the e¤ect of the level of individual knowledge
capital h by an adjusted inverse productivity measure

~ n � h�
��

(1+�)��1 
��1

(1+�)��1
n

so that as a function of the amount of innovation employment is

Ln = h�
��

(1+�)��1L�
1

(1+�)��1a�
�

(1+�)��1

�
� � 1
�

� �
(1+�)��1

n
�

(1+�)��1 = ~ nn
�

(1+�)��1

and the productivity of the marginal innovator is

St = h
��

(1+�)��1L
1

(1+�)��1a
�

(1+�)��1

�
� � 1
�

�� 1���
(1+�)��1

n
���1

(1+�)��1 = ~ n
� � 1
�

n
���1

(1+�)��1

Thus the free-entry condition 13 becomes

~ n
� � 1
�

n
���1

(1+�)��1� = 1 + (1 + �n)wK
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and the equilibrium is de�ned by8>>>>>>>>>>>><>>>>>>>>>>>>:

� (pY ) =
pxX

pxX+Z

pY = n�
1��
� px

px =
1
�
 x (1 + �x)

�
��1
~ n

�
1 + 1+�n

1+�x
�x

�
n

�
(1+�)��1 = (1� �) pxX

X = X1 +X2 +XR

L = ~ nn
�

(1+�)��1 +  x (X1 +X2) +  x (1 + �x)XR + Z
1
2
K = ~ n (1 + �n)n

�
(1+�)��1 +  x (1 + �x)X1

1
2
K =  x (1 + �x)X2

which can be rewritten in analogy to the one-city case:8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

px =
1
�
 x (1 + �x)

pY =
1
�
(1 + �x) xn

� 1��
�

X1 =
1

(1+�x) x

K
2
� (1+�n)~ n

(1+�x) x
n

�
(1+�)��1

X2 =
1

(1+�x) x

K
2

XR =

�
��

(��1)(1��)
1+ 1+�n

1+�x
�x

1+�x
+ 1+�n

1+�x

�
~ n
 x
n

�
(1+�)��1 � K

(1+�x) x

X = ��
(��1)(1��)

1+ 1+�n
1+�x

�x

1+�x

~ n
 x
n

�
(1+�)��1

Z = 1��(pY )
�(pY )

�
(��1)(1��)

�
1 + 1+�n

1+�x
�x

�
~ nn

�
(1+�)��1

n =
h
1
~ n

(1+�x)L+�xK
1+�x+(1+�n)�x

(��1)(1��)�(pY )
��(1��)�(pY )

i (1+�)��1
�

The comparative statics are also analogous to those in Propositions 1 and 2, so that
as �x falls n increases. This implies that in the �rst city the innovative sector grows, the
manufacturing sector contracts, and population grows� none of which happens in the second
city, where the only e¤ect is a fall in the price of urban capital and therefore in the nominal
wage.
When �n = 0, the income of innovators in the �rst city is an invariant Pareto distribution

with shape � and minimum 1 + wK : thus its mean is (1 + wK) �= (� � 1). If a fraction � of
workers in the �rst city are employed in manufacturing and 1� � in innovation, the ratio of
average income across the two cities is then

�y1
�y2
=
� � �

� � 1
which decreases as the innovating city specializes more completely.

A.5 Proof of Proposition 6

As in the case of Proposition 4,when the innovating city is completely specialized and the
amount of innovation is �xed at

�n1 =

�
K

2~ n (1 + �n)

� (1+�)��1
�
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the equilibrium is described by8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

� (pY ) =
pxX

pxX+Z

pY = �n
� 1��

� px
px =

1
�
 x (1 + �x)

�
��1
~ n (1 + w

1
K) �n

�
(1+�)��1 = (1� �) pxX

X = X2 +XR

L = ~ n�n
�

(1+�)��1
1 +  xX2 +  x (1 + �x)XR + Z

1
2
K = ~ n (1 + �n) �n

�
(1+�)��1
1

1
2
K =  x (1 + �x)X2

w2K =
�x
1+�x

which can be reduced to8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:

�n1 =
h

K
2~ n(1+�n)

i (1+�)��1
�

w2K =
�x
1+�x

px =
1
�
(1 + �x) x

pY =
1
�
(1 + �x) x�n

� 1��
�

1

X2 =
1

 x(1+�x)
K
2

XR =
��

(��1)(1��)
(1+w1K)~ n
(1+�x) x

�n
�

(1+�)��1
1 � K2

 x(1+�x)

X = ��
(��1)(1��)

(1+w1K)~ n
(1+�x) x

�n
�

(1+�)��1
1

Z = 1��(pY )
�(pY )

�
(��1)(1��) (1 + w

1
K)
~ n�n

�
(1+�)��1
1h

1 + 1��(pY )
��(pY )

i
(1 + w1K) =

(��1)(1��)
��

"
L+ �x

2(1+�x)
K

~ n�n

�
(1+�)��1
1

� 1
#

It follow that as �x falls below ��x:

1. The amount of innovation is �xed at �n1 by the urban capacity constraint; employment
in the innovative sector is likewise constrained, and so is population in both cities.

2. The price of urban capital in the manufacturing city w2K declines.

3. The relative price of di¤erentiated intermediates px declines.

4. The relative price of the advanced good pY declines, and therefore the real income of
all agents increases.

5. Manufacturing of the traditional good contracts, since

Z =

�
1 + �

� (pY )

1� � (pY )

��1 �
L+

�x
2 (1 + �x)

K � ~ n�n
�

(1+�)��1
1

�
) @Z

@�x
=

�
1 + �

� (pY )

1� � (pY )

��1�
K

2 (1 + �x)
� Z

��0 (pY )

[1� � (pY )]
2

@pY
@�x

�
> 0
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Hence, employment in manufacturing the traditional good declines; employment in
manufacturing intermediates increase, and a fortiori output of advanced goods in-
creases.

6. Finally, w1K > w2K because by de�nition of ��x�
1 +

1� � (pY )

�� (pY )

� �
1 + w2K

�
<
(� � 1) (1� �)

��

24L+ �x
2(1+�x)

K

~ n�n
�

(1+�)��1
1

� 1

35
for all

w2K =
�x

1 + �x
<

��x
1 + �x
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Figure 4
2000 Share of Skilled Workers
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 Table 2 
 Top Occupations of Skilled Workers 
  
1 Physicians 
2 Dentists 
3 Lawyers 
4 Physicists and astronomers 
5 Veterinarians 
6 Geologists 
7 Chemical engineers 
8 Optometrists 
9 Petroleum, mining, and geological engineers 
10 Other health and therapy 
11 Chemists 
12 Architects 

13 
Economists, market researchers, and survey 
researchers 

14 Pharmacists 
15 Clergy and religious workers 

16 
Metallurgical and materials engineers, variously 
phrased 

17 Aerospace engineer 
18 Electrical engineer 
19 Civil engineers 
20 Mechanical engineers 

 



Figure 5
1980 Share of Skilled Workers

 Change Income 1980-2000  Fitted values
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Figure 6
1980 Share of Skilled Workers

 Change Populaton 1980-2000  Fitted values
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Figure 7
1980 Share of Skilled Workers

 Change Populaton 1980-2000  Fitted values
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(1) (2) (3) (4) (5) (6)

Share of Skilled Workers in 1980 5.757 6.684 3.839 1.437 6.071 0.564
(0.943) (1.076) (1.698) (2.129) (1.941) (3.494)

Log Income 1980 -0.266 -0.351 -0.278 -0.21 -0.216 -0.254
(0.101) (0.108) (0.101) (0.228) (0.195) (0.189)

Log Population 1980 -0.007 -0.003 -0.005 -0.013 -0.046 -0.044
(0.013) (0.012) (0.013) (0.029) (0.022) (0.021)

Share of Population with BA in 1980 0.676 2.084
(0.499) (1.117)

Northeast Dummy 0.062 0.054 0.054 -0.029 -0.04 -0.063
(0.026) (0.019) (0.026) (0.058) (0.033) (0.035)

South Dummy 0.016 0.006 0.203
(0.026) (0.027) (0.059)

West Dummy 0.008 -0.011 0.316
(0.025) (0.028) (0.056)

Constant 2.941 3.729 3.026 2.431 2.73 3.045
(1.031) (1.123) (1.027) (2.327) (2.027) (1.96)

R-squared 0.417 0.700 0.431 0.443 0.263 0.338

Change in Log Income Change in Log Population

Table 3



Figure 8
1980 Share of Skilled Workers

 Change Share of Skilled Workers  Fitted values
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Figure 9
Change Share of Skilled Workers 

 Change Income 1980-2000  Fitted values
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Figure 10
Change in Patents 1990-2000

 Change in Income 1990-2000  Fitted values

-1 0 1 2

-.1

0

.1

.2

.3

Akron, O

Albany-S

Albuquer

Allentow

Atlanta-

Austin-R

Bakersfi

Baltimor

Baton Ro

Birmingh

Boston-Q
Buffalo-

CharlestCharlott

Chicago-

Cincinna

Clevelan

Colorado

Columbia

Columbus

Dallas-P

Dayton, 
Detroit-

El Paso,
Fort Lau

Fort Wor

Fresno, 

Gary, IN
Grand Ra

GreensboGreenvil

Harrisbu

HartfordHonolulu

Houston-

Indianap
JacksonvKansas C

KnoxvillLake Cou

Las Vega

Little R

Los Ange

Louisvil Madison,

Memphis,
Milwauke

Minneapo
Nashvill

Nassau-S

New Have

New Orle

New York

Newark-U

Oakland-

Oklahoma

Omaha-Co

Orlando,

Oxnard-T

Philadel

Phoenix-Pittsbur

Portland

Poughkee

Providen

Raleigh-

Richmond

Riversid

Rocheste

Sacramen

Salt Lak

San Anto

San Dieg

San Fran San Jose

Sarasota

Scranton

Seattle-

Springfi

St. Loui

Stockton
Syracuse

Tacoma, 

Tampa-St

Toledo, 

Tucson, 
Tulsa, O Virginia

WashingtWest Pal

Wichita,

Wilmingt

Youngsto

 



Figure 11
1980 Share of Skilled Workers

 Change in Variance - 1980-2000  Fitted values
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Figure 12
1980 Share of Skilled Workers

 Change in 90/10 Ratio - 1980-20  Fitted values
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(1) (3) (3) (4)

Share of Skilled Workers in 1980 1.158 1.224 1.088 1.351
(0.516) (0.941) (0.947) (1.729)

Variance of Log Income 1980 or 90/10 Income Ratio 1980 -0.139 -0.14 -0.455 -0.458
(0.206) (0.207) (0.157) (0.159)

Log Income 1980 0.05 0.051 0.077 0.079
(0.055) (0.056) (0.101) (0.103)

Log Population 1980 0.03 0.03 0.054 0.053
(0.008) (0.008) (0.013) (0.014)

Share of Population with BA in 1980 -0.023 -0.093
(0.276) (0.509)

Northeast Dummy 0.015 0.015 0.01 0.011
(0.014) (0.014) (0.025) (0.026)

South Dummy 0.033 0.033 0.069 0.07
(0.016) (0.017) (0.030) (0.032)

West Dummy 0.039 0.038 0.098 0.01
(0.015) (0.017) (0.028) (0.032)

Constant -0.859 -0.862 -0.842 -0.852
(0.564) (0.569) (1.04) (1.05)

R-squared 0.412 0.412 0.346 0.347

Change in Variance of Log Income Change in 90/10 Income Ratio

Table 4

 
 

 

 



Figure 13
Change Income 1980-2000

 Change in Variance - 1980-2000  Fitted values
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Figure 14
Change Income 1980-2000

 Change in 90/10 Ratio - 1980-20  Fitted values
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